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Abstract
The dynamic properties of several rectangular and V-shaped micro-
cantilevers were investigated. Particular attention was paid to the higher
flexural eigenmodes of oscillation. The potential of the higher flexural
modes was demonstrated through the use of cantilevers as standalone
sensors for adsorbed mass. The mass adsorbed on the surface of a
cantilever was in the form of a homogeneous water layer measured as









A for the first four modes
of a rectangular cantilever, clearly demonstrating enhanced accuracy for
the higher eigenmodes of oscillation. These thicknesses correspond to
minimum detectable masses of 33.5 pg, 7.8 pg, 2.7 pg and 1.7 pg for the
first four modes.
For quantitative applications the spring constants of each cantilever
must be determined. Many methods exist but only a small number can
calibrate the higher flexural eigenmodes. A method was developed to
simultaneously calibrate all flexural modes of microcantilever sensors.
The method was demonstrated for the first four eigenmodes of several
rectangular and V-shaped cantilevers with nominal fundamental spring
constants in the range of 0.03 to 1.75 N/m. The spring constants were
determined with accuracies of 5-10 %. Spring constants of the funda-
mental mode were generally in agreement with those determined using
the Sader method. The method is compatible with existing AFM sys-
tems. It relies on a flow of gas from a microchannel and as such poses
no risk of damage to the cantilever beam, its tip, or any coating.
A related method was developed for the torsional modes of oscillation.
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iii
Preliminary results are shown for the fundamental mode of a rectangular
cantilever. The method can be easily extended to the higher torsional
modes, V-shaped cantilevers, and potentially, the flapping modes of the
legs of V-shaped microcantilevers.
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1 Introduction
Due to their small dimensions and therefore also mass and low rigidity,
microcantilevers show great sensitivity to very small forces. The forces
in question might be due to an interaction between a sharp tip attached
to the cantilever and a surface in atomic force microscopy (AFM), or
they might be related to the adsorption of molecules onto the surface of
the cantilever. Such adsorption processes could affect the properties of
the cantilever by effects relating to a change of the effective mass of the
cantilever or a change of the effective spring constant due to stresses and
strains induced upon the surfaces.
The number of publications including the keyword ‘microcantilever’
increased quickly through the early years of the new millennium, before
reaching a plateau during the last five years, as depicted in figure 1.1.
Nonetheless, the general field of microcantilevers is still an active area of
Figure 1.1: The number of citations in each year for the keyword ‘microcantilever’.
Data from the ISI Web Of Knowledge collected on 27/12/12.
interest. Furthermore, the number of articles using the term ‘AFM’ now
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stands at over 82,000.∗
1.1 Microcantilevers in Atomic Force Microscopy
Atomic force microscopy (AFM) is the application in which microcan-
tilevers are most often applied. AFM is used to obtain topographic
images of surfaces.[2] The best AFM images of very clean surfaces at-
tain atomic resolution[3,4] and can compete with scanning tunneling mi-
croscopy in this respect, without the requirement of a conducting sam-
ple.[5] This point is an important one and has led to the widespread use of
AFM in biological applications. Indeed, AFM has been used in all of the
sciences: physics, biology, chemistry, medicine and engineering. It has
even been used in the analysis of collagen (from skin) from the 5300 year
old Tyrolean Iceman where AFM was used to determine Young’s mod-
ulus of fibrils. The Young modulus was found to be similar to modern
samples indicating good preservation.[6]
The AFM was invented at IBM’s research laboratories by Binnig,
Quate, and Gerber in 1986.[7] The citations of this article, see figure 1.2,
show the uptake of the method as commercial AFM systems became avail-
able to research laboratories around the world. The main components of
an AFM are sketched in figure 1.3. The microcantilever is fixed at one
end where it connects to a support chip which is held by the AFM system.
The other end of the cantilever beam has a sharp tip attached to it. The
tip is brought close to a surface of interest such that the forces between
tip and surface are sufficient to bend, or affect the resonance frequencies
of, the cantilever. The movement of the cantilever can be detected by a
∗According to the ISI Web Of Knowledge, 27/12/12
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Figure 1.2: The number of citations in each year of ref.[7] since its publication in
1986. Data from the ISI Web Of Knowledge obtained on 27/12/12.
Figure 1.3: Side view image of the main components of an AFM. The tip movement
is illustrated by the sinusoidal curve to represent a tapping mode.
laser reflected off the cantilever (as in the figure), by use of piezoelectric
cantilevers, or by interferometry. If the tip/cantilever is scanned over
the surface and the cantilever response monitored then a topographic
image of the surface can be obtained. The image is essentially a contour
of constant tip-sample force, in a similar manner to scanning tunneling
microscopy which can plot a constant electrical potential (or current).
However, the AFM image is usually much more closely related to the
surface topography whereas heights in an STM image depend critically
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upon bias voltages and atom types.
There are several different operational schemes in AFM; static, tap-
ping, and dynamic. In static measurements the feedback system of the
instrument keeps a set force between tip and surface by monitoring the
cantilevers static bending and moving the cantilever up or down to main-
tain a constant set force. Essentially the tip is dragged across the surface
and the image is a contour of constant force. However, if the set force is
too large then the tip is likely to be damaged and become blunt, decreas-
ing resolution as scanning proceeds. Parts of the sample surface may also
be damaged or even destroyed if the applied force is too large.
In tapping mode the cantilever is driven to oscillate such that the tip
travels up and down, contacting the surface then retracting.[3] The move-
ment of the tip in this mode of operation is indicated by the sinusoidal
curve in figure 1.3.
In the frequency modulated mode of operation the cantilever reso-
nance frequency is monitored as the tip is scanned across the surface a
small distance above it. The tip samples a force gradient which can mod-
ify the resonance frequency slightly, which can be used to reconstruct
the surface topography.[3] In this mode there is often no hard contact
between tip and surface and damage is much less likely. It is often with
this method that the highest resolution images are achieved.[8]
One disadvantage of AFM is that it can only scan surfaces, which
must be reasonably flat, and therefore bulk properties must be inferred
if they are of interest. Therefore AFM is often combined with other
instrumentation, for example with TEM to obtain 3-D information.[9]
AFM of biological samples and soft matter is one of the more exten-
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sive areas of its application.[10–12] It has been used as a tool to observe
crystallisation for some time[13] and with recent developments in high
speed AFM the actual crystallisation process of polymers has been mon-
itored.[11,14] The ability to “watch” processes in AFM as they are hap-
pening is an exciting area of development.[11,14–17] High speed methods
sacrifice some resolution, and increase the likelihood of damage to tip or
sample.
Other variations include collection of images in a liquid, for example
biological cells in vivo.[18] However, scanning in liquid introduces addi-
tional damping that in dynamic AFM reduces or even completely masks
the resonance peak. Stiffer cantilevers often have to be used. An alter-
native is to use an oscillation mode other than the fundamental flexural
resonance. A torsional eigenmode could be used.[19] Its lower amplitude
of oscillation means that a reduced amount of the surrounding fluid has
to be moved by the cantilever, resulting in less damping and therefore
less of a reduction of the amplitude of the resonance peak.
The cantilever itself has had relatively little development since the
first use of AFM over 25 years ago. A recent development is the use
of hammerhead or T-shaped cantilevers. The tip is displaced from the
centreline of the cantilever’s long axis to one side of the ‘T’. The cantilever
is designed to have a low flexural spring constant which helps to prevent
damage while the fundamental torsional mode is monitored to build the
image. A combination of fundamental flexural and torsional modes must
be analysed and results in a ‘torsional tapping’ motion of the tip.[20]
An implementation which can be realised to extract additional in-
formation from AFM imaging and increase sensitivity through higher
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Q-factors is the use of higher eigenmodes than the fundamental.[8,21,22]
Ref.[22] describes a Si(111)-(7×7) surface scanned in non-contact mode
using both the first and second eigenmodes. The image collected using
the second eigenmode had an enhanced signal-to-noise ratio over the fun-
damental mode. Images of Si(111)-(7×7) surfaces have also been made
using the second[23] and third[24] flexural modes. The advantage of us-
ing the higher modes here is the small oscillation amplitude and high
sensitivity enabling detection of force gradients relatively far away from
the surface.
One can imagine an AFM instrument operated dynamically where one
mode (e.g. the first flexural) is used to determine the topography of a
surface while another mode (e.g. the second flexural) is used to pro-
duce a plot of the local Young’s modulus over the surface, similar to that
described in ref.[25]. Such a measurement could go some way to counter-
acting one of the main problems with AFM, that in its basic form it has
no chemical contrast. It is also possible to distinguish between different
surface chemistries in AFM using functionalised tips, phase imaging, or
friction force microscopy, amongst others.[26]
1.2 Microcantilevers in the Measurement of Viscoelastic Prop-
erties of Surfaces
Essentially a subset of AFM imaging is the use of the instrumentation to
measure the viscoelasticity of a single point on a sample. A measurement
akin to a force curve is conducted where the probe (tip) is pressed into
the surface at a known force, the cantilever deflection is measured and the
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compression of the sample surface can be inferred. The effective radius
of the probe must be known and so a colloidal probe is often attached
to the cantilever in place of the tip.[10] The first colloidal probes were
made of silica[27] and these are the most popular. They might also be
made of glass.[28] The colloidal probe itself is ideally spherical with a
diameter of 1 to 30 µm and low surface roughness: a rms roughness of a
nanometre or less over an area of 1 µm2. The probe provides a smoother,
more predictable contact area than a tip. The larger contact area also
reduces the possibility of damage to soft samples such as cells.[10]
Biological cells are the main area of application for the measurement
of viscoelastic properties.[29] It has been reported that elasticity mea-
surements of cells can distinguish between those which are cancerous
and those which are healthy. Cancerous cells have been observed to be
around 70% softer than those which are non cancerous.[18,30]
The viscoelastic properties of human platelets have been measured
using AFM, a map of the elastic modulus with horizontal resolution of
100 nm was achievable as long ago as 1996.[31] At the same time as col-
lecting the modulus map, a topographical resolution of less than 20 nm
was obtained. A study of the viscoelasticity of the lamellipodium, the
edge of a cell, was completed in ref.[32]. The viscoelastic constants: elas-
tic storage modulus, viscous loss modulus, and the Poisson ratio were
determined.[32]
Since AFM and AFM based measurements must be executed on rel-
atively flat samples, any biological cell has to be immobilised on a sub-
strate. Care has to be taken to ensure that the immobilisation does not
significantly affect the properties of interest. This is a complicating fac-
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tor, and different models must be used for areas of cells which are well
adhered and poorly adhered.[32]
1.3 Microcantilevers as Sensors
Microcantilevers can be used as stand-alone sensors, usually by monitor-
ing effects due to the adsorption of molecules onto their surface. The field
emerged in the mid 1990s[33] and now applications include explosives de-
tection,[34] drug discovery[35] and material characterisation.[36, 37]
There are two possible effects of adsorption which may lead to a mea-
surable change; an increase of the effective mass of the cantilever or an
induced surface stress which can be described as a change in the effec-
tive spring constant of the cantilever. Static deflection of the cantilever
or monitoring of the resonance frequency can be used as the method of
detection. The dynamic detection route is now more often used as it is
less sensitive to drift effects whilst offering greater sensitivity.
Coatings may be introduced to provide some chemical specificity while
arrays of multiple cantilevers can be manufactured to provide small,
handheld sensors which can detect a multiplicity of different vapours.
One example of such an ‘artificial nose’ is described in ref.[38] with eight
differently coated rectangular cantilevers. The static deflection of the
cantilever was monitored. The coatings were all polymer based and
through monitoring the response of all cantilevers simultaneously various
organic vapours were identifiable, including a range of alcohols, toluene,
hexane, acetone, dichloromethane. The use of microcantilevers as sen-
sors is a highly promising one if specificity can be achieved alongside
the small dimensions inherent in such systems. In conjunction with sili-
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con microchip derived manufacturing processes such commercial devices
should be generally affordable too.
Dynamic microcantilever sensors, where the resonance frequency of
the cantilever is monitored, offers improvements in sensitivity over static
deflection based measurements.[39] Fitting of the resonance frequency
curve of the fundamental flexural resonance has been used to determine
the viscosity and density of fluids.[40–42] The cantilever is placed in the
fluid of interest and the frequency response is altered by the physical
properties of the fluid. Volumes on the order of microlitres are required.
The bending and/or frequency response of microcantilevers to a flow of
fluid could be used to determine the velocity and relative pressure of a
fluid.[43]
Use of the higher modes of oscillation has been suggested as one al-
ternative to using smaller cantilevers as a pathway to increased sensitiv-
ity.[39] Smaller cantilevers have lower masses and tend to have higher
spring constants meaning that any adsorption event is a greater propor-
tional addition of mass and the Q-factor of the oscillation is enhanced
over a larger cantilever. Use of the higher flexural modes has a similar
effect. The higher modes can have lower effective oscillating masses[44]
leading to greater sensitivity.
Ref.[45] found a similar sensitivity to added mass when using the
higher modes of a soft cantilever to the sensitivity obtained by using
smaller cantilevers with similar spring constants to those of the higher
modes. The added mass was introduced by coating the cantilevers with
polyacrylamide through dipping in a solution. The study found that the
Q-factors of the higher modes were reduced by the additional mass to a
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greater extent than those of the short cantilevers and therefore concluded
that shorter cantilevers should be used in environments, such as liquids,
where high Q-factors are required. The coating process would proba-
bly have been difficult to control and ensuring a homogeneous coating of
the cantilever non-trivial. Unfortunately, ref.[45] does not describe this
process in more detail, nor if the homogeneity of the coating was checked.
Collating various applications of microcantilevers onto a single, small,
reliable and cheap device is the goal of lab-on-a-chip technology.[34,38,46]
1.4 The Need for Calibration of Microcantilevers
Microcantilevers have many applications, more numerous than their ini-
tial application as a component of the AFM. However, for quantitative
analysis in most of these cases their stiffness, or spring constant, is re-
quired. For measurements involving static deflection the spring constant
describes the cantilevers resistance to bending, i.e. Hookes Law.
Microcantilevers are widely available from a range of companies, but
due to uncertainties in the manufacturing process the actual fundamen-
tal spring constant is expected to vary from the manufacturers nom-
inal spring constant by as much as -60% to +250%. For example, a
350 µm long, 35 µm wide, 1 µm thick silicon rectangular cantilever from
Mikromasch (CSC12,[47] known as R-E in this document) has a nominal
spring constant of 0.03 N/m but minimum and maximum of 0.01 N/m
and 0.08 N/m respectively. The major source of error is in the thick-
ness where a small deviation can have a large effect because the spring
constant of a cantilever scales with the third power of thickness.
In any quantitative analysis it is important to use the spring constant
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of the particular cantilever in question. Each cantilever must be cali-
brated and therefore swift, easy, reliable and accurate calibration schemes
which do not pose risk of damage to cantilever (or its tip) are required. A
short review of existing calibration methods for the fundamental flexural
mode is given in section 4.2 (see also refs.[48–50]) and the corresponding
section for the torsional and lateral modes in section 5.2 (see also[51]).
Less than a handful of the existing calibration methods have been ex-
tended to higher flexural modes. Most of the methods to calibrate the
torsional (or lateral) spring constant are either inaccurate or place the
cantilever or tip quality in jeopardy. Any method that can be reason-
ably accurate and eliminate potential for tip or cantilever damage in the
calibration is expected to be of interest.
1.5 Outline of the Remainder of the Document
The next chapter provides a grounding in the mathematics and theoret-
ical background required to understand the remainder of the document.
It is envisaged that the reader who is already familiar with microcan-
tilevers and the description of their various modes of oscillation may skip
the majority of the section, though particular attention should be paid
to the normalisation of the eigenmodes in section 2.5. The process of
eigenmode normalisation is essentially the one which the methods de-
veloped for spring constant calibration, in chapters 4 (flexural) and 5
(torsional), aim to do for real cantilevers. Preceding these chapters is
one (chapter 3) which highlights the use of the higher modes of micro-
cantilevers as sensors. The experimental execution is one of a humidity
sensor in the detection of adsorbed water layers of thicknesses on the
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2 Theoretical Overview of Microcantilevers
At this point a short review of microcantilevers, their oscillation proper-
ties, and their theoretical description is given as a grounding to the work
contained within this document.
2.1 The Microcantilever
A cantilever is a long thin beam which is supported or fixed at one of its
ends. All the cantilever beams described in this document are fixed at
one end, as depicted in figure 2.1. At the fixed end of the cantilever its
displacement and the slope of the deflection curve must be zero. A micro-
cantilever is a cantilever whose dimensions are all measured in microme-
tres, the smallest dimension being its thickness of around one micrometre
and the largest being its length up to a few hundred micrometres. Mi-
crocantilevers are generally manufactured using silicon, silicon nitride or
a variety of polymers.
Figure 2.1: Schematic of a rectangular and a V-shaped cantilever attached to a chip.
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2.2 Cantilever Oscillations
All structures oscillate at a characteristic frequency due to the energy
they possess by being at a finite temperature, that is they are driven by
thermal noise. The natural frequencies, ωn, of a structure are defined by
its material properties, shape, and its boundary conditions. A cantilever





holds, where kn is its spring constant and mn is its effective oscillating
mass.[44] The cantilever may oscillate in a variety of different flexural
modes described by the mode number, n. Each mode has its own spring
constant. The reciprocal sum of the dynamic spring constants equals the









for a point mass model where ks is to be obtained at the same position
(e.g. at the tip) as the force of interest is applied. The resonance fre-
quency of a cantilever is easy to obtain experimentally and any change,
∆(ω2n) = ω
2
n − ω2n0 where ωn0 is the initial resonance frequency, can be ex-









A change in mass could be due to the adsorption or desorption of molecules
from the surface, as in chapter 3, while an effective change of the spring
constant could be due to an external force (chapters 4 and 5), force gra-
dient, or surface stress (section 3.5). If a cantilever is driven only by
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holds where kB is the Boltzmann constant, T is the temperature and An
is the amplitude of oscillation of the nth mode. Equation (2.4) provides a
useful way to calculate the spring constant from the oscillation amplitude
of a mode or vice versa.
Oscillations may be assigned an associated quality factor which is pro-
portional to the ratio of the energy stored in an oscillator to the energy
dissipated per cycle. It can be expressed by relating the resonant fre-





Essentially, it is the frequency at the centre of the peak divided by the
full width at half maximum. Larger Q-factors represent sharper, taller
resonant peaks, for Q=0 there is no peak at all. The effect of changing
Q is demonstrated in figure 2.2.
2.3 Eigenmodes of Rectangular Cantilevers
A cantilever may oscillate in a number of different modes; flexural, tor-
sional, lateral and extensional. Each of the cantilever modes can be
described by an eigenmode, or modeshape, un(x). The flexural (and tor-
sional) deflection of cantilever plates normal to their plan view area de-
pends in general on both coordinates spanning the plane of the area.
However, under the operating conditions in AFM and other techniques
employing microcantilevers as sensors the true deflection is often well ap-
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Figure 2.2: The effect of changing the Q-factor on (a) the amplitude and (b) the phase
around the resonance peak. Figure adapted with permission from ref.[52].
proximated by a function that only depends on the coordinate, x, along
the cantilever length.[53,54]
2.3.1 Flexural Eigenmodes
The flexural eigenmodes of a cantilever describe its oscillation perpendic-
ular to its plan view area, in the y-direction of figure 2.1. The fundamental
flexural mode tends to have the lowest spring constant and resonance fre-
quency of all modes. The flexural eigenmodes and eigenvalues are readily
available for rectangular cantilevers[1] and can be derived as follows.
With reference to figure 2.3 the differential equation of the flexural





where M is bending moment at any cross section, E is Young’s modulus
and I is the moment of inertia. Twice differentiating equation (2.6) with
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Figure 2.3: Schematic of the loads (F ), shearing forces (Fs) and moments (M) asso-
ciated with a small section, dx, of a vibrating beam.





where F is a continuous load and EI is assumed to be constant along
the length (x-direction) for a rectangular beam. Assuming that the only
force acting on the beam is due to its inertia implies that the load, F




where g is the acceleration due to gravity,
ρc is the density of the cantilever, w is the cantilever width, and t is the









This equation describes the vibrations of a prismatical beam. If the beam
oscillates in one of its eigenmodes then each point of the beam vibrates
harmonically with time and equation (2.8) can be solved by a solution
of the form y(x, t) = X(x)T (t) = un(x) exp
−iωnt. Substitution of the form of









the solution to which is a combination of trigonometric functions, un(x) =
A sin(znx/l) +B cos(znx/l) + C sinh(znx/l) +D cosh(znx/l).[1] zn are the eigen-
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values of each mode of oscillation, and along with the constants A − D,
are determined from boundary conditions imposed upon the beam’s mo-
tion. For a cantilevered beam the fixed end (at x = 0) should have zero
displacement (un(0) = 0) and zero slope to the deflection (dun(0)/dx = 0).
The conditions on the free end (x = l) are that the bending moment and
shear force vanish, d2un(l)/dx
2 = 0 and d3un(l)/dx
3 = 0 respectively. The
conditions at the fixed end mean that A = C = 0 and the conditions at
the free end give the eigenvalue equation
cos(zn) cosh(zn) = −1 (2.10)
which may be solved graphically to give the flexural eigenvalues of a








Table 2.1: Eigenvalues relating to the first six flexural eigenmodes of cantilevered
beams. Values taken from[1].
Two different eigenmodes must be orthogonal†, mathematically ex-
pressed as ∫ l
0
un(x)um(x)dx = δnm (2.11)
†see p326-7 of [1] for the derivation of the orthogonality condition
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where δnm is the Dirac delta function, δnm = 0 if n 6= m and δnm = 1 if
n = m. The first three flexural modeshapes of a rectangular cantilever
are shown in figure 2.4.
Figure 2.4: Modeshapes of the first three flexural modes of a rectangular cantilever.
The shape represents a flexural deflection of arbitrary unit.








where the moment of inertia is I = wt3/12 and µ = ρcwt is the mass per
unit length of the beam.
For most microcantilever beams the fundamental flexural mode has
the smallest spring constant and hence the amplitude of the mode is
the largest for a given energy. For a rectangular cantilever of spring
constant 0.03 N/m (such as cantilever R-E used throughout this work),
the amplitude of oscillation of the first flexural mode can be calculated
using equation (2.4) to be around 4
◦
A at T=300 K. The amplitudes of the
higher modes may also be calculated and are observed to decrease with
mode number. The amplitude scales with mode number as z2n/z
2
n′, with
n′ > n, so that in the example above the amplitude of the fourth flexural
mode is only around 0.1
◦
A at room temperature.
The eigenmodes may also be visualised by finite element analysis
(FEA) simulations, executed in this work by utilising the multiphysics
software Elmer.[55] The meshes used were created by Gmsh.[56] The dis-
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placements of the first few modes are displayed in figure 2.5, where the
cantilever is shown in the plan elevation and the fixed end of the can-
tilever is to the left side of each subfigure. The colour scale represents a
flexural deflection of arbitrary unit and replicates the theoretical shape
of figure 2.4. Recently, ref.[57] reported that experimental modeshapes
could be accurately reproduced by FEA simulations.
Figure 2.5: Figure showing the displacements (out of the page, given by the colour
scale) representing the modeshapes of the first four flexural modes of a rectangular
cantilever as determined by a FEA simulation. (a): fundamental (first) flexural mode,
(b): second flexural mode, (c): third flexural mode, (d): fourth flexural mode.
2.3.2 Torsional Eigenmodes
A cantilever may also exhibit torsional oscillations about its long axis.
Again modeshapes, unt(x), describing the angular displacement along the
cantilever can be derived for rectangular cantilevers and are represented
in figure 2.6. The torsional eigenmode shapes can be derived as follows.
Figure 2.6: Theoretical modeshapes of the first three torsional modes of a rectangular
cantilever. The shape represents the angle of torsion about the cantilevers long axis.
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The equation of motion for torsional oscillations, where Φ(x, t) is the











= M(x, t), (2.13)
where M(x, t) is an externally applied torque per unit length in the x-
direction, G is the shear modulus of the cantilever and K and Ip are
geometric functions of the cantilever given by K = wt3/3 and Ip = (w
3t +
wt3)/12, or Ip ≈ w3t/12 for thin rectangular cantilevers. The values of w
and t may depend upon x and therefore the geometric functions likewise.
Solutions of the form Φ(x, t) = φ(x)T (t) = unt(x) exp
−iωntt can be used in










The solutions to equation (2.14) are the torsional eigenmodes
unt(x) = A cos(zntx/l) +B sin(zntx/l), (2.15)
where znt are the torsional eigenvalues and the constants A and B are
determined by the boundary conditions. For a cantilever fixed at one
end the constant A, is zero and the modeshapes are simply sine functions
scaled by a factor B.













For a typical rectangular cantilever (such as cantilever R-E) the first
torsional spring constant is around 2 × 10−9 Nm. The maximum angle
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of oscillation of the first torsional mode can be calculated using equa-
tion (2.4) to be around 1.4 × 10−6 radians or 8.4 × 10−5 degrees at 300 K.
This remarkably small angle corresponds to a maximum vertical deflec-
tion of only 0.25
◦
A occurring at the edge of the cantilever at its free end
for the cantilever R-E as described in section 2.3.1.
The torsional eigenmodes can also be captured by the simulation and
are displayed in figure 2.7 where the cantilever is shown in the plan
elevation and the fixed end of the cantilever is to the left side of each
subfigure. The colour scale represents the out of plane deflection which is
associated with the torsional angle and replicates the theoretical angular
deflection of figure 2.6.
Figure 2.7: Figure showing the displacements (out of the page, given by the colour
scale) representing the modeshapes of the first three torsional modes of a rectangular
cantilever as determined by a FEA simulation. (a): fundamental (first) torsional
mode, (b): second torsional mode, (c): third torsional mode.
2.3.3 Other Eigenmodes
Rectangular cantilevers not only oscillate in the flexural and torsional
modes but in others too. The lateral mode is a bending of the cantilever
which is parallel to the cantilever’s plan view area, i.e. the bending is in
the z-direction of figure 2.1. This mode has much higher spring constants
(and therefore resonance frequencies) than the flexural modes as the can-
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tilever has to bend against its width which is typically much greater than
its thickness. A cantilever also exhibits extensional vibrations related
to the expansion and contraction of its length. Both of these modes are
difficult to observe in many experimental setups as they do not cause any
vertical movement of the cantilever.
2.3.4 Order of the Eigenmodes
The various different eigenmodes of the rectangular cantilever described
above are ordered in frequency space as displayed in table 2.2. In general
Mode fn Frequency (kHz) Ratio
1st flexural f1 11.763 f1
2nd flexural f2 74.667 6.3f1
3rd flexural f3 212.641 18.1f1
1st torsional f1t 234.543 19.9f1
lateral - 403.629 34.3f1
4th flexural f4 428.155 36.4f1
5th flexural f5 714.412 60.7f1
2nd torsional f2t 720.563 61.3f1
6th flexural f6 1109.541 94.3f1
3rd torsional f3t 1288.943 109.6f1
Table 2.2: Simulated resonance frequencies of an ideal rectangular cantilever, based
on the cantilever known as R-E later in the document. ρc=2330 kg/m
3, E=180 GPa,
and σ=0.3 have been used as the density, Young’s modulus, and Poisson ratio of
silicon.[59]
this ordering of the modes should be seen as a guide for the relative
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positions of the resonance frequencies for this, and similar, cantilevers.
The dimensions of the simulated cantilever were l=350 µm, w=35 µm and
t=1 µm, the materials properties were those of silicon.
2.4 Eigenmodes of Non-Rectangular Cantilevers
The solution of the equations of motion governing non-rectangular can-
tilevers is, in general, more difficult than for rectangular cantilevers. It
is common for the eigenmodes of non-rectangular cantilevers to be built
up by a superposition of the solutions of rectangular cantilevers in the
Ritz method[1,60] under the assumption that anticlastic curvature can be
ignored.[44] In this section a V-shaped cantilever is used as an example
of a non-rectangular cantilever.
2.4.1 Flexural Eigenmodes of V-shaped Cantilevers
The flexural eigenmodes of an ideal V-shaped cantilever are shown in
figure 2.8. This particular V-shaped cantilever shall be known as V-D
throughout this document. The deflection of each leg in each of the flexu-
ral modes is similar in profile to the deflection of a rectangular cantilever
in each mode. The parallel beam approximation considers the V-shaped
cantilever and replaces its two legs with an equivalent rectangular can-
tilever.[61] Along with use of the Ritz method, the flexural properties of
V-shaped cantilevers can be described adequately.
2.4.2 Torsional Eigenmodes of V-shaped Cantilevers
Currently, there exists no satisfactory analogue (or extension) of the Ritz
method to calculate the torsional mode shapes of V-shaped cantilevers.
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Figure 2.8: Depiction of the modeshapes of the first four flexural modes of a V-shaped
cantilever as determined by a FEA simulation. The cantilever is shown in the plan
elevation and the fixed end of the cantilever is to the left side of each subfigure. The
colour scale represents a flexural deflection of arbitrary unit. (a): fundamental (first)
flexural mode, (b): second flexural mode, (c): third flexural mode, (d): fourth flexural
mode.
The parallel beam approximation has been used but has been shown to
underestimate the spring constant of such cantilevers through mistreat-
ment of the effect of the joining of the two legs.[61] In this study the
torsional modeshapes of V-shaped cantilevers are determined via finite
element simulations with Elmer,[55] the results of which are depicted in
figure 2.9.
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Figure 2.9: Figure showing the displacements (out of the page, given by the colour
scale) representing the modeshapes of the first three torsional modes of a V-shaped
cantilever as determined by a FEA simulation. The cantilever is shown in the plan
elevation and the fixed end of the cantilever is to the left side of each subfigure. The
colour scale represents the out of plane deflection which is associated with the torsional
angle. (a): fundamental (first) torsional mode, (b): second torsional mode, (c): third
torsional mode.
2.4.3 Other Eigenmodes of V-shaped Cantilevers
In addition to the lateral and extensional type of eigenmodes, described
in section 2.3.3, V-shaped cantilevers exhibit further modes due to their
two-legged geometry. One particular mode is where the two legs exhibit
their own torsional motions. These flapping motions are either in sync
where both legs have the same angle at a given time (figure 2.10(b))
or out of sync where the legs have angles of the same magnitude but
different sign (figure 2.10(a)). These modes have not been extensively
studied in the literature as their contribution to the movement of a tip
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Figure 2.10: Figure showing the displacements (out of the page, given by the colour
scale) representing the modeshapes of two flapping modes of a V-shaped cantilever as
determined by a FEA simulation. The cantilever is shown in the plan elevation and
the fixed end of the cantilever is to the left side of each subfigure. The colour scale
represents the out of plane deflection. (a): out of sync mode, (b): in sync mode.
is minimal so they are ignored in AFM applications.
2.4.4 Order of the Eigenmodes
The various different eigenmodes of the V-shaped cantilever described
above are ordered as in table 2.3. In general this ordering of the modes
should be seen as a guide for the relative positions of the resonance
frequencies for this, and similar, cantilevers. The dimensions of the sim-
ulated cantilever were l=196 µm, w=20 µm, t=0.6 µm and 2θ=52 ◦, the
materials properties were those of silicon nitride.
2.5 Normalisation of the Eigenmodes
Throughout this work the following normalisation of the modeshapes is
made[44] ∫ l
0
ρcS(x)un(x)um(x)dx = δnm (2.17)
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Mode fn Frequency (kHz) Ratio
1st flexural f1 28.938 f1
1st torsional f1t 148.962 5.2f1
2nd flexural f2 172.088 5.9f1
2nd torsional f2t 479.360 15.6f1
3rd flexural f3 504.209 17.4f1
3rd torsional f3t 943.674 32.6f1
4th flexural f4 1062.830 36.7f1
symmetric flapping - 1418.524 49.0f1
anti-symmetric flapping - 1621.130 56.0f1
Table 2.3: Simulated resonance frequencies of an ideal V-shaped cantilever, based on
the cantilever known as V-D later in the document. ρc=3340 kg/m
3, E=310 GPa, and
σ=0.3 have been used as the density, Young’s modulus, and Poisson ratio of silicon
nitride.[59]
where δnm is the Dirac delta and S(x) = w(x)t(x) is the cross section of
the cantilever. The normalisation gives un(x) the dimension of [mass]
−0.5.














The frequency of each mode can be calculated from its normalised mode-
shape. Each mode has an intrinsic bending moment, Mn, associated with
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The effective oscillating mass and dynamic spring constant of each eigen-


















In equation (2.22) the function ψ(x) describes the distribution of positions
at which the spring constant should be calculated.
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3 Microcantilevers as Ultrasensitive Probes of Ad-
sorbed Mass
This chapter is based upon the publication in ref.[21]. In particular sec-
tions 3.1, 3.2, 3.3 and parts of section 3.6 appear almost exactly as in the
reference.
3.1 Introduction
Micro- and nanocantilever sensors are attracting an increasing amount
of attention due to their wide availability and outstanding sensing ca-
pabilities.[40, 41, 63, 64] One area that is currently of significant interest
is mass sensing,[65] and one goal is to achieve highest mass sensitivity
with micro- and nanomechanical devices.[66] It has been demonstrated
that such devices are capable of detecting single cells,[67] bacteria,[68]
and even single biological molecules.[69]
In the context of mass sensing the determination of masses that are
non-homogeneously distributed or that are only attached in specific areas
along the cantilever is of pivotal importance since cantilevers can be
modified as such.[64] Mass sensing based on the frequency changes of the
flexural modes that are due to one or two discretely attached masses[70,
71] as well as a homogeneous mass distribution along the full length of the
cantilever in connection with the first flexural mode have been reported
in the literature, e.g. ref.[72].
However, there is no general description relating the frequency changes
of the higher flexural modes to an attached mass that is homogeneously
or non-homogeneously distributed along the cantilever. Even the dis-
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crete attachment of small spheres to microcantilevers[70,71] does strictly
speaking create a mass distribution localised around the positions of the
spheres. The size and weight of the attached masses determine whether
a point mass model is still valid. In the case of single objects which can-
not be described by a point mass[73] or if the mass is distributed over
a certain region of the plan view area of the cantilever, a proper mass
model has to be used to correctly describe the oscillation behaviour and
the resulting frequency change of the cantilever. Knowledge of the effec-
tive oscillating cantilever mass related to the flexural modes is therefore
crucial for a quantification of the adsorbed mass.
In this chapter general expressions for the effective oscillating can-
tilever mass and of the frequency shifts that are caused by an arbitrary
distribution of mass attached along a cantilever are derived for all flexu-
ral modes. The cantilever can be of any shape as long as its true flexural
deflection can be approximated by a function that only depends on the
coordinate along the cantilever length. This is the case for the most
common types of microcantilevers, namely rectangular, picket, and V-
shaped.[44] The results are expressed in terms of the modal shapes of
the free cantilevers and their oscillating frequencies. The formulas al-
low for the determination of the total attached mass under any mass
distribution. To test the theoretical findings they are compared with
experimental data.
The added mass in this study is due to the adsorption of water molecules
upon the cantilever’s surface as the relative humidity surrounding the
cantilever is varied. The relative humidity is a measure of how much wa-
ter vapour is present in a given volume relative to the maximum possible
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amount. The maximum capacity of water in a gas varies with tempera-
ture. This study provides an opportunity to investigate the formation of
thin layers of water on surfaces, a topic of particular interest in microelec-
tromechanical systems (MEMS) where capillary forces between adsorbed
water layers can have significant influence on performance.[74, 75] Ini-
tially, cantilevers that were used as received are discussed in section 3.3.
The study is then extended to cantilevers coated with self-assembled
monolayers (SAMs) to increase the sensitivity to mass and to investigate
the possible effects of adsorption induced surface stress (section 3.5).
3.2 Theoretical Background
If a small external mass is attached to a cantilever its dynamic properties
will change according to the additional effective mass. In the following
it is assumed that the total external mass is small compared to the total
mass of the cantilever and that the external mass per unit area is con-
stant over the dimension of the cantilever width. The external mass per
unit length, ∆mext(x), is determined by the density of the external mass,
ρm,ext(x), the width of the beam, w(x), and the thickness of the layer,
text(x):
∆mext(x) = ρm,ext(x)Sm,ext(x) (3.1)
with Sm,ext(x) = w(x)text(x). This equation can be rewritten as ∆mext(x) =
∆mext,0ϕ(x)w(x) where ∆mext,0 is the maximum value of the mass per unit
area and ϕ(x) describes the variation of the mass along the cantilever
length. The total external mass acting on the cantilever is ∆Mext =∫ l
0
∆mext(x)dx where l is the cantilever length. The external mass causes a
shift ∆(ω2n) = ω
2
n−ω2n0 in the eigenfrequency of the nth flexural mode, where
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ω2n is the resonant frequency with external mass, and ω
2
n0 the unperturbed
resonant frequency without additional mass. The relation between the
unperturbed resonant frequency ωn, the total external mass, ∆Mext(x),
and the resulting shift in the resonant frequency of the nth mode, ∆(ω2n),





if the frequency shift is entirely due to additional mass, i.e. there are
no stress effects. mc,n is the effective oscillating mass of the cantilever
in the nth mode under the mass distribution ϕ(x). If the total external
mass is small compared to the cantilever mass such that the eigenmodes
of the cantilever are not significantly affected then the total energy of the

























































The effective mass of the cantilever, mc,n, in the n









Microcantilevers: Calibration of their spring constants
and use as ultrasensitive probes of adsorbed mass
Page 33 of 169
Note that the effective mass of the cantilever can be lower as well as




ing on the external mass distribution ϕ(x). Equations (3.6) and (3.7) are
applicable to all kinds of cantilevers and any external mass distribution.
The eigenfrequencies, ωn, the frequency shifts, ∆(ω
2
n), and the cantilever
width, w(x), can be determined experimentally. The mass distribution




To test the theoretical results a commercially available rectangular silicon
cantilever (350 µm long, 0.03 N/m , R-E, Mikromasch[47]) and a V-
shaped silicon nitride cantilever (196 µm long, 0.06 N/m, V-D, Veeco[76])
were exposed to relative humidity values in the range of ≈2% to ≈25%
at 22 ◦C, similar to the experiments described in ref.[77]. Cantilevers
were used as received. They can homogeneously adsorb small amounts
of water at those humidity values. Experiments were performed with
an AFM Explorer system (ThermoMicroscopes, Sunnyvale, CA, USA).
Power spectral densities of thermal noise spectra were recorded with
an external interface (National Instruments, USB-6251) as a function of
humidity. Figures 3.1 and 3.2 display the experimentally obtained power
spectral densities of the resonance peaks for both the rectangular and the
V-shaped cantilever together with their resonance frequency values at low
humidity and the Q-factors. Resonant frequency values, Q-factors, and
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Figure 3.1: Thermal noise power spectral densities of the first four flexural modes
obtained for the rectangular cantilever. While the Q-factor increases with the mode
number the signal-to-noise ratio decreases.
peak areas for each mode were determined during measurement with a
homewritten LabVIEWTM routine by fitting Lorentzians to the resonance
peaks similar to the procedure described in ref.[78].
The resonant frequency values are based on the average of 50 indi-
vidual spectra. The Q-factors showed fluctuations below 3% for all res-
onance peaks with no clear trend towards lower or higher values with
increasing humidity. Q-factors can therefore be considered as constant
and independent of humidity in our experiments. The mass sensitivity or
minimum detectable mass δM of the system is given by δM = − δ(ω2n)
ω2n0
mc,n ≈
−2mc,n δωnωn0 ,[79] where δωn is the minimum measurable frequency shift of
mode n. Note that the mass sensitivity depends on the effective os-
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Figure 3.2: Thermal noise power spectral densities of the first four flexural modes
obtained for the V-shaped cantilever. While the Q-factor increases with the mode
number the signal-to-noise ratio decreases.
cillating mass of the cantilever and hence the mass distribution of the
externally accreted mass. In general, the mass sensitivity increases with
increasing Q-factor. Thermal fluctuations, fluctuations in humidity, as
well as the signal-to-noise ratio, which decreases with increasing mode
number in our experiment, all have an influence on the resulting sensi-
tivity.[79] In order to determine the sensitivity in our experiments with
thermally driven cantilevers the standard deviation, δfn, of the measured
resonant frequency values, fn, at constant humidity was taken as the min-
imum detectable frequency shift for each mode. The standard deviation
values were determined from the fluctuations of 15 recordings of the res-
onant frequency values of the four modes at a fixed humidity. The values
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obtained were 4.3 Hz, 7.4 Hz, 7.5 Hz, and 8.7 Hz for modes one to four of
the rectangular cantilever, respectively. The corresponding values for the
V-shaped cantilever were: 3.9 Hz, 7.6 Hz, 10.7 Hz, and 37.2 Hz. Error
bars of the relative frequency shifts ∆(ω2n)/ω
2
n0 and hence sensitivities in









3.3.2 Results and Discussion
If a single point-mass is attached to a cantilever at position x = lMext then
ϕ(x) = δ(x−lMext) and the relative frequency shift ∆(ω2n)/ω2n0 is proportional
to u2n(lMext), which is the same as the result reported in ref.[80]. This
finding can be easily extended to the case of several discretely attached
masses[71] with equation (3.6). If an area between x = l1 and x = l2 along
a cantilever is modified such that a certain analyte can only adsorb in this
region then ϕ(x) = 1 for l1 ≤ x ≤ l2 and ϕ = 0 elsewhere (see figure 3.3).
Figure 3.3: Schematic top view of (a) rectangular and (b) V-shaped cantilevers. The
shaded areas indicate external mass adsorption in these areas only, i.e. ϕ(x) = 1 for
all x-coordinates corresponding to the shaded area and ϕ(x) = 0 elsewhere.
Equation (3.6) is particularly simple for rectangular cantilevers where
w is constant. The total adsorbed mass can then be obtained from
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∆Mext = −∆(ω2n)/ω2n0 ·∆l/
∫ l2
l1
u2n(x)dx with ∆l = l2 − l1. If the entire length
of the plan view area can adsorb mass, i.e. ∆l = l, then mc,n corre-
sponds to the total mass of the cantilever for all modes, and equation (3.2)
can be used to determine the adsorbed mass simply based on the mea-
sured frequency shift and the total mass of the cantilever. If ∆l does
not correspond to the full length, the mc,n values will in general be dif-
ferent from the total cantilever mass and also be different for different
modes. Figure 3.4 summarizes the results for the relative frequency shifts
Figure 3.4: ∆(ω2n)/ω
2
n0 values for the first four flexural modes of (a) rectangular and
(b) V-shaped cantilevers and several mass distributions ϕ(x). ∆(ω2n)/ω
2
n0 in each figure
is normalized to the encircled ∆(ω21)/ω
2
10 value. Mass distributions on rectangular
cantilevers are for l1 = 0, l2 = l (H), l1 = 0, l2 = l/2 (), l1 = l/2, l2 = l (•),
and l1 = l/4, l2 = 3l/4 (+). Mass distributions on V-shaped cantilevers (2θ=51.2o)
are for adsorption over the full length (H), and for adsorption on the triangular part
only (see figure 3.3): V-A () l=115, d=25; V-B (•) l=196, d=41; V-C (+) l=115,
d=17; V-D (∗) l=196, d=23. All dimensions are in micrometres.
∆(ω2n)/ω
2
n0 of the first four flexural modes of rectangular and V-shaped
cantilevers, and for different adsorbed mass distributions (see figure 3.3).
For V-shaped cantilevers the modal shapes un(x) were obtained as de-
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scribed in ref.[44]. The resulting relative shifts were normalized to the
∆(ω21)/ω
2
10 value for full-length adsorption (encircled in figure 3.4). Note
that the results for rectangular and V-shaped cantilevers are independent
from their specific dimensions if the entire cantilever can adsorb mass.
Figure 3.5 shows the experimentally obtained ∆(ω2n)/ω
2
n0 values for a
relative humidity of up to ≈25% and the first four flexural modes of both
the rectangular and the V-shaped cantilever.
Figure 3.5: Experimentally determined ∆(ω2n)/ω
2
n0 values for (a) a rectangular and (b)
a V-shaped cantilever and the first four flexural modes at different relative humidity
values. The cantilevers can adsorb water over their full length. Error bars are based on
the experimentally determined fluctuations in the resonant frequency values (standard
deviation) at constant humidity. Only one error bar for each mode is shown for clarity.
All modes show the same trend of ∆(ω2n)/ω
2
n0 over the humidity range
studied for both the rectangular and the V-shaped cantilever, confirming
the theoretical results for cantilevers that can adsorb mass over their full
length. While the error bar is quite large for the first mode it is sig-
nificantly smaller for the higher modes indicating a relatively low mass
sensitivity for the first mode and higher sensitivities for the higher modes.
The minimum detectable mass values that are based on the fluctuations
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in the resonant frequencies at constant humidity can be converted to wa-
ter film thickness, which is the parameter of interest here. The resulting









based on the first four modes of the rectangular cantilever, respectively.
These thicknesses correspond to minimum detectable masses of 33.5 pg,
7.8 pg, 2.7 pg and 1.7 pg for the first four modes. The corresponding









A, which relate to mass sensitivities
of 6.0 pg, 2.1 pg, 1.1 pg and 2.0 pg for the first four flexural eigenmodes.
The decrease in the sensitivity of the fourth mode in the case of the V-
shaped cantilever is due to the relatively large fluctuations in the resonant
frequency of the cantilever used.
The sensitivity values obtained underline that the accreted mass and
the thickness of the film adsorbed onto a cantilever surface can be deter-
mined with high accuracy when using higher flexural modes. The reason
is that the absolute frequency shifts ∆(ω2n) are higher for the higher modes
granting them a higher accuracy for low masses in general. The water film
thickness can be obtained with equation (3.6) and amounts to around 7
◦
A
at 25% relative humidity. This result is in good agreement with values
reported in the literature.[81] For the rectangular cantilever a thickness
of water of 7
◦
A corresponds to a mass of around 17 pg adsorbed around
the cantilever surface.
Note that stress induced by the adsorbed mass would be reflected
by different ∆(ω2n)/ω
2
n0 values for different modes at constant humidity.
The simultaneous measurement of ∆(ω2n)/ω
2
n0 values for several flexural
modes in combination with equation (3.6) could therefore be exploited
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to separate frequency changes that are due to mass from those that are
due to stress (see also section 3.5).
3.4 Higher Humidities
The trend shown in the experimental results of section 3.3.2 should con-
tinue throughout the whole range of possible relative humidities. To
achieve humidities above that of the external atmosphere nitrogen gas
was bubbled through deionised water before being pumped into the hu-
midity cell. Otherwise, the experimental setup used was as described in
section 3.3.1.
Figure 3.6 shows the amount of water adsorbed on a V-shaped can-
tilever through a large humidity range. The amount of water adsorbed is
Figure 3.6: Experimentally determined water layer thickness values for a V-shaped
cantilever and the first three flexural modes at different relative humidity values. The
cantilever can adsorb water over its full length. Only one error bar for each mode is
shown for clarity.
broadly in agreement with that in the previous section. Similar results
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for rectangular silicon cantilevers were also collected.
It is clear from figure 3.6 that the thickness of the adsorbed water layer
does not increase linearly with humidity, rather it has a more complicated
dependence. At low humidities the layer thickness increases relatively
swiftly, followed by a period of slow growth in the mid range of humidities.
Once above ≈80% relative humidity the layer thickness again grows more
swiftly with increasing humidity.
This behaviour has been observed previously[81, 82] and can be ex-
plained by considering how the structure of the adsorbed water layer
develops as the humidity and hence layer thickness increases, as depicted
in figure 3.7. In the lower humidity range (. 30%) an ‘ice like’ struc-
(a) Adsorption isotherm of water on a silicon ox-
ide surface
(b) Molecular arrangement of water on a surface
Figure 3.7: Evolution of an adsorbed water layer on a silicon oxide surface. Figure
adapted with permission from ref.[81].
ture forms where water molecules hydrogen bond to the oxidised silicon
surface in a regular order. Water molecules readily attach and so the
film grows swiftly. For most solvents only one monolayer of the ice-like
structure is observed but due to water’s propensity for hydrogen bond
formation the structure can grow to two or three monolayers deep. Be-
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tween ≈ 30% and ≈ 60 − 80% relative humidity the adsorbed layer grows
slowly as the structure of new water molecules on the surface becomes
less ordered. From upwards of around 60−80% newly adsorbed molecules
take up a much more random orientation similar to that of a liquid. The
film grows exponentially with increasing relative humidity.
The results displayed in figure 3.6 indicate that the liquid like regime
begins at a higher humidity than reported in some studies.[81] In our
experiments it is possible that the humidity sensor could read a different
humidity than that felt by the cantilever, though certainly no more than
around 5-10%. The cantilever and humidity sensor are positioned as close
as possible in an attempt to negate such effects. The fact that cantilevers
in this study were used without any cleaning means that there will be
some contamination with organic molecules from the atmosphere which
is likely to make the surface mildly hydrophobic.
3.5 Cantilever Modification
Cantilevers may be modified to increase their sensitivity. The result of
increasing their sensitivity could be that the static bending or frequency
shift due to a given amount of adsorbate is enhanced. Coatings may be
applied to impart some specificity to a certain adsorbate molecule.[33,34,
38] This has been studied before for the fundamental mode,[33] and the
higher modes of oscillation should be similarly enhanced by modification,
which is tested in this section.
A self-assembled monolayer (SAM) was formed on the surface of a
cantilever to modify its properties. SAMs are surfaces formed by the
adsorption and regular organisation of organic molecules onto a surface.
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A SAM system is depicted in figure 3.8. A SAM molecule consists of
Figure 3.8: Side-on view of the key components of a SAM.
three parts; a head group for bonding with a substrate, a hydrocarbon
backbone, and a tail group which is chosen to give the resulting SAM
its required properties. The tail group might already posses the required
functionality, e.g. some chemical specificity, or it may be a reasonably re-
active group to allow further functionalisation after the coating stage. To
demonstrate the potential of coated cantilevers a rectangular cantilever
was coated with a hydrophobic silane SAM and exposed to a range of
humidities.
3.5.1 Surface Modification Process
A silicon cantilever (of type R-E) was modified with an octadecyltrichlorosi-
lane SAM, figure 3.9. A piece of a silicon wafer was treated in the same
Figure 3.9: Structure of octadecyltrichlorosilane.
manner as the cantilever to act as a control. The surfaces were first
cleaned to remove any adsorbed organic matter and then oxidised to
form a native silicon oxide layer in the following process:‡
‡The cleaning and modification process was carried out by A. Parkes under the direction of M.
Adamkiewicz.
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• Ozonolysis for 30 minutes to break down some organic species into
gases or water soluble compounds
• Rinsed in distilled water, dried in a stream of nitrogen gas
• Washed in a concentrated H2SO4/H2O2 mixture (2:1, 30% w/w) at
70 ◦C for 15 minutes to oxidise organic matter
• Rinsed in distilled water, dried in a stream of nitrogen gas
• Washed in a concentrated NH4OH/H2O/H2O2 mixture (1:5:1, 30%
w/w) at 70 ◦C for 15 minutes to remove any remaining organic species
and inorganic contaminants
• Rinsed in distilled water, dried in a stream of nitrogen gas
• Washed in a concentrated HCl/H2O/H2O2 mixture (1:5:1, 30% w/w)
at 70 ◦C for 15 minutes to form a native oxide layer and to precipitate
out charged alkali species
• Rinsed in distilled water, dried in a stream of nitrogen gas
The SAM was applied from the solution phase in the following process
• The solution was prepared by stirring toluene (70 ml) for 15 minutes
under a nitrogen atmosphere
• Octadecyltrichlorosilane (95%, 0.18µl) was then added and the so-
lution stirred for a further 90 minutes
• The surface for modification was left in the stirred solution in a
sealed container overnight to allow for SAM formation
• Sample removed and sonicated in toluene for 15 minutes
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• Rinsed in distilled water
• Sonicated for 15 minutes in dichloromethane
• Rinsed in distilled water, dried in a stream of nitrogen gas
3.5.2 Results and Discussion
Contact Angle The water contact angle is the angle between a
surface and a water droplet upon it. The contact angle may be used as
an identifier of the properties of a surface through its interaction with the
droplet. A droplet on a hydrophobic surface will tend to sit proud of the
surface and hence have a large contact angle as depicted in figure 3.10(b).
In contrast water on a hydrophilic surface will form large flat areas with
Figure 3.10: Definition of the contact angle, θ, of a liquid on a surface. (a) shows a
small contact angle, for example water on a hydrophilic surface. (b) shows a much
larger contact angle, for example water on a hydrophobic surface.
small contact angles, figure 3.10(a). The contact angles were measured on
a piece of a silicon wafer which was treated alongside the cantilever.§ The
initial contact angle was 55 ◦, post ozonolysis the contact angle was 37 ◦,
the decrease due to the removal of hydrophobic organic material. After
modification of the surface with octadecytrichlorosilane a contact angle
of 109 ◦ was obtained, in agreement with the literature.[83] Several areas
§All of the contact angles were measured by A. Parkes.
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of the wafer were tested and all showed the same contact angle, meaning
it is reasonably certain that a homogeneous layer had formed. Further
measurements, perhaps by X-ray photoelectron spectroscopy (XPS) or
ellipsometry, would be desirable to confirm the film quality.
Frequency Shifts The modified cantilever was assumed to have
the same properties as the modified wafer. The cantilever was exposed
to a range of humidities and the frequency shifts of all modes were mon-
itored.¶ The shifts shown in figure 3.11 are much larger than those for
unmodified cantilevers. There was no significant change in the static
Figure 3.11: Experimentally determined frequency shifts for a modified rectangular
cantilever showing the first four flexural modes at different relative humidity values.
Only one error bar for each mode is shown for clarity.
bending of the cantilever throughout the humidity range. The experi-
ment was repeated on several occasions and similar results were obtained.
The maximum shift in the first mode is equivalent to a water thickness
of around 170
◦
A. Since the SAM is hydrophobic it is implausible that
the shift is due to the mass of an adsorbed water layer. One explanation
¶All experimental data were collected by A. Parkes
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could be that the interaction of a small amount of adsorbed water with
the SAM induces some stress in the layer, changing the effective spring
constant of the cantilever. This can be described using equation (2.3).
Under the assumption that the SAM is homogeneous, such that the wa-
ter may adsorb evenly over the whole cantilever, the quantity ∆mn/mn is
the same for all modes and a set of simultaneous equations based upon
equation (2.3) can be obtained. Taking two of the modes, say n = 1 and
n = 2, a value for ∆k may be calculated. However each combination of
modes resulted in a different value of ∆k, ruling out this approach. It
is probable that the SAM was not entirely homogeneous, a conclusion
that is not surprising given a closer inspection of figure 3.11. If an in-
duced stress were distributed over the whole cantilever then it would be





, should show some consistent trend with mode num-










humidity, in contrast to the behaviour shown in figure 3.11.
Notice also that there are no frequency shift values for some modes
at low humidities and therefore the frequency shifts have been set to
zero at the lowest humidity for which data is available for all modes.
The resonance peak of the fourth mode was lost at the highest humidity
(at ≈25%), followed by the third (at ≈24 %) and second (at ≈8 %) as
the humidity was decreased. The mechanism behind this behaviour is
unknown.
The most likely explanation of the divergence of the different modes
shown in figure 3.11 is that the SAM was not uniform. If water molecules
were able to penetrate the volume between the strands of the SAM in
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areas of low SAM density then this could relieve stress in the film. The
resonance frequencies would then be altered due to the stress change on
the surface of the cantilever. Any adsorbed water could also be removed
by lowering the humidity, with insignificant hysteresis in the behaviour
of the frequency shifts.
3.6 Conclusions and Further Work
Expressions that allow for the determination of the total attached mass
on cantilever sensors under any mass distribution and for all flexural
modes were derived. The applicability of the equations for the first four
flexural modes in the case that mass can adsorb over the full length of a
cantilever, and for two different types of cantilevers was demonstrated.
Small amounts of mass can be determined accurately and precisely for
thermally driven cantilevers, in particular when using higher flexural
modes since they show a higher sensitivity towards an accreted mass
than the first flexural mode.
The predictions from the theoretical treatment, summarised in fig-
ure 3.4, account for the frequency shifts relating to any distribution of
added mass. Experimental treatments were restricted to the case where
mass can adsorb over the whole cantilever only. A worthwhile extension
would be to modify a range of cantilevers such that mass may only adsorb
over specific areas to further test the theoretical predictions.
The simultaneous measurement of ∆(ω2n)/ω
2
n0 for several modes opens
up interesting possibilities to determine both the adsorbed mass and
the stress caused by it. Therefore it might provide a technique to gain
information about the interactions inside thin films and between thin
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films and substrates.
It has been shown that it is possible to change the response of micro-
cantilever sensors by introducing a coating. A coating may be tailored
to the detection of a target molecule depending upon the application, for
example the detection of an explosive substance. The higher modes show
a smaller experimental error and hence are more relevant to applications
where accuracy is of paramount importance. In other applications it
may be the case that use of the fundamental resonance is sufficient if the
cantilever has been coated successfully to accentuate the frequency shift.
It is to be expected that the torsional modes of microcantilever sensors
will show the same behaviour as the flexural modes, and would be an
interesting extension of the work in this chapter.
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4 Calibration of the Flexural Spring Constants of
Microcantilevers through their Interaction with
a Flow of Fluid
This chapter is based upon the publication in ref.[84]. In particular sec-
tions 4.1, 4.4, 4.5, 4.6, 4.11 and parts of sections 4.7 and 4.8.2 appear
almost exactly as in the reference.
4.1 Introduction
Microcantilevers are widely employed as probes in AFM to image sur-
face properties,[2] but also as independent sensors for mass,[21] sur-
face stress,[33] chemical identification,[33] viscosity and density of liq-
uids,[40, 41] or for measuring viscoelastic properties of cells.[29] Small
changes in the oscillation properties of the flexural modes of the can-
tilevers can be exploited to quantify various physical properties provided
the spring constants of the flexural modes are known. Chemically modi-
fied cantilevers or cantilever sensor systems for biomedical research bene-
fit from simple yet reliable calibration methods, which can be performed
in situ and which do not bear the risk of affecting the quality of the
modified cantilever.[43,85,86]
Most of the current applications make use of the first flexural mode
only. The higher flexural eigenmodes of microcantilever sensors however
are currently an area of significant interest due to their greater sensitivity
for example to mass, as demonstrated in the previous chapter.[21] They
are also of interest in relation to dynamic AFM applications with small
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tip oscillation amplitudes, where multiple eigenmodes are simultaneously
excited,[8] or in high speed AFM setups where the excitation of higher
modes may be undesirable.[87] Use of the higher eigenmodes allows one
to combine quantitative materials characterisation with high resolution
imaging.[22] For example, it is possible to collect an AFM image with
the first mode providing topographical information and use the second
mode to determine the elasticity of the surface.[25] It has been shown
that AFM images of a Si(111)-(7×7) surface collected using the second
and third eigenmodes show enhanced signal to noise ratio.[22–24]
Recently, a magnetic force microscope was reported where positioning
of a magnetic tip at the node of the second eigenmode allowed charac-
terisation of the vertical (with respect to the surface) force by the first
eigenmode along with simultaneous detection of the parallel forces by the
second mode.[88]
A pre-requirement for the exploitation of the higher modes, however,
is knowledge of the corresponding spring constants. Manufacturer quoted
values for the fundamental spring constant have huge ranges, largely due
to uncertainties in cantilever thickness. As an example, the rectangular
cantilever used in the previous chapter has a nominal spring constant
of 0.03 N/m, but a quoted minimum of 0.01 N/m, one third of nominal
value and a maximum spring constant of two and a half times (0.08 N/m)
the nominal spring constant.[47] In almost any quantitative application
it is therefore essential to first calibrate the spring constant of the probe
to be used. Note that in the previous chapter the spring constants of the
cantilevers were not explicitly determined. However, their dimensions
and materials properties were assumed, from which the spring constant
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could be calculated.
A comparison of standard calibration methods that are employed in
connection with the first flexural mode was reported in ref.[48] and the
application of two of these methods to the higher eigenmodes was recently
reported.[49] Current calibration techniques all have certain difficulties
and disadvantages, and none can calibrate the higher flexural modes eas-
ily.[49, 89]
4.2 Existing Schemes for the Calibration of the Flexural
Spring Constants of Microcantilevers
A summary of different calibration methods is outlined below, all relate
to the fundamental spring constant and only a few may be extended to
the higher flexural modes.
4.2.1 Static Methods
Some methods measure the static bending of the cantilever due to masses
placed upon it[90] or require pressing the cantilever into a surface.[48,91,
92] The surface may be a reference cantilever of similar stiffness, in which
case its spring constant will have had to be independently determined in
some way.[91] Accuracies of ±10-30% have been reported for this method,
which is heavily dependent on the calibration of the reference cantilever,
which should have a similar static spring constant, ks, to that which is to
be calibrated. Alternatively the cantilever is pushed into a nanoinden-
ter in order to produce a force curve from which the cantilever spring
constant may be determined.[92] Accuracies of ±10% have been reported
for cantilevers stiffer than 1 N/m, with increasing accuracy for stiffer
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cantilevers.
The static spring constant may also be determined from a force curve
simply by pushing the cantilever tip into a surface and monitoring its
bending for a known force. The force and deflection of the cantilever
must be known through an independent route. It is likely that the tip
will be blunted in this process.
These methods pose a high risk of damage to the cantilever or to its
tip and can only calibrate the static spring constant, but which can be
related to the dynamic spring constant of the first flexural mode for ideal
cantilevers.[44]
4.2.2 Theoretical Methods
Some methods use accurate measurements of the cantilever dimensions
and assumptions of the material properties of the cantilever in finite
element analysis simulations to calculate the spring constants of rectan-
gular cantilevers.[93] The original method of ref.[93] has to be modified
to correctly account for the bending of the triangular part of V-shaped
cantilevers.[48]
If the dimensions (l, w, t as defined in table 0.3) and Young’s modulus
(E) of the cantilever are known with accuracy then the fundamental





for a rectangular cantilever. However, while it is easy to obtain the width
and length by optical microscopy the thickness and Young’s modulus are
much less easy to quantify accurately. The thickness may be determined,
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with some difficulty, using electron microscopy but Young’s modulus has
to be assumed to be equivalent to the bulk value for the material. Even if
the thickness is known, it may vary along the length of the cantilever thus
requiring the inclusion of a thickness model in equation (4.1). The accu-
racy of these methods is determined by the measurement of the thickness
and the appropriateness of use of bulk values of Young’s modulus for a
microcantilever.
4.2.3 Dynamic Methods
Other methods exploit information garnered from the resonance frequen-
cies to calibrate the spring constants. Dynamic methods pose a lesser
chance of damage to the cantilever and tip than static methods, while
being more accurate than the theoretical methods.
The thermal noise method calibrates the spring constant via the equipar-
tition theorem, equation (2.4), but this requires calibration of the can-
tilever deflection and various correction factors for cantilever geometry
must be taken into account.[78,94–96] The thermal noise method has been
extended to include the second flexural mode but the absolute cantilever
deflection must be known.[49] The measurement of cantilever deflection
can be performed using laser Doppler vibrometry to eliminate the need
to calibrate the photodiode sensitivity in optical detection methods.[97]
The Cleveland method[98] monitors the change in the resonance fre-
quency of beams due to the addition of masses to the cantilever, but risks
damage to the cantilever each time a mass is attached to it. Furthermore,
the exact added mass must be known. Particles which are assumed to be
spherical and with density similar to the bulk are used to calculate the
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attached mass. The radius of each particle is measured by microscopy
and it is this which introduces the largest source of uncertainty. The
effect on the resonance frequency is equally observable through the re-
moval of mass, as demonstrated in ref.[99] where mass was removed by
focused ion beam milling, or by the addition of mass via a thin film, for
example addition of a layer of gold.[100]
The Sader method[85, 101] calculates the spring constant based on
knowledge of the cantilever’s resonance frequency, Q-factor, plan view
dimensions and information of how it interacts with a surrounding gas via
the ‘hydrodynamic’ function. Once this function has been determined the
method is one of the simplest. However, the hydrodynamic function must
be determined experimentally over a reasonably large range of Reynolds
numbers by variation of gas pressures, densities, or viscosities, which
is not straightforward. Some vacuum equipment is ideally required to
vary the pressure surrounding the cantilever. The Q-factors need to
be determined from Lorentzian fits of the resonance peaks, care must
be taken for particularly high Q’s.[102] The Sader method is subject to
uncertainties of up to 10-20%,[48,103] possibly larger if the cantilever is
shaped non-ideally.
Recently an interlaboratory test of cantilever calibration for AFM
force spectroscopy compared the thermal noise and Sader methods.[104]
The study included two types of V-shaped and a rectangular cantilever,
all cantilevers were relatively soft (nominal ks=0.01-0.03 N/m). The can-
tilevers were tested on a variety of AFM systems, the two methods gen-
erally showed good agreement. Ref.[49] found good agreement between
the Sader and thermal noise methods for the first flexural mode but
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large disagreements for the second flexural mode, in large part due to
the assumption of an ideal (tipless) rectangular cantilever in the Sader
method.
4.2.4 Comparison of Existing Techniques for Flexural Eigenmode Cali-
bration
Tables 4.1 and 4.2 show a summary of some of the methods for the
calibration of the fundamental flexural mode of microcantilevers. Some
of the data is taken from ref.[48] where more details, particularly relating
to the dimensional methods can be found.
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4.2.5 Conclusions
There are a plethora of methods in existence to calibrate the spring con-
stant of the fundamental flexural mode, all have their advantages and
disadvantages. The vast majority are unsuitable for extension to the
higher modes of oscillation. The higher eigenmodes are becoming an
area of significant interest for the community. Some of the AFM man-
ufacturers incorporate the ability to monitor the second flexural mode
into their microscopes but without calibration only limited information
is gained. The development of new methods of calibration, particularly
those involving the ability to calibrate the higher modes, is therefore of
interest.
4.3 Fluid Dynamics
A quantitative understanding of the fluid flow from a parallel plate mi-
crochannel and interactions with the cantilever is important to the cali-
bration method described in this chapter along with the one that follows.
Hence a short review of the most relevant areas of the field of fluid dy-
namics is given here.





= −∇p+ η∇2v + ρg, (4.2)
essentially it is Newton’s second law for fluids and takes account of pres-
sure gradients (∇p), fluid stress (through viscosity η) and gravitational
acceleration (g).[105] The latter is often neglected and shall be in this
document as its magnitude is small in comparison with the other terms
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+ v · ∇ is the total
differential of v and ρ is the density of the fluid. Equation (4.2) can
be solved analytically for only a limited number of special cases.[106] In
practical situations one must either simplify the equation by identifying
different regimes through dimensionless numbers, or solve the equation
numerically by simulation.
The Reynolds number, Re, is used in fluid dynamics to give an indi-
cation of the stability of a fluid flow.[106] It is derived from the Navier-





where v is a characteristic fluid velocity, a is a typical length scale of
the system and ν is the kinematic viscosity of the fluid. The kinematic
viscosity is related to the dynamic viscosity, η, by ν = η/ρ. The Reynolds
number can be used to indicate different regimes of fluid flow, for example
low Reynolds numbers imply that viscosity is important. For Re & 104 the
flow becomes turbulent, this rule being the same on both macroscopic
and microfluidic scales.[107]
The Knudsen number, Kn = λ/a, where λ is the molecular mean free
path in a fluid can be used to judge whether macroscopic parameters
are appropriate. The mean free path in a gas is given by λ = kBT√
2pid2p
where d is the diameter of the fluid particles, T is the temperature, kB
is Boltzmann’s constant, and p is the pressure. For Knudsen numbers of
Kn . 10−2 macroscopic concepts may be used.[108]
There are various flow regimes concerned with different approxima-
tions, in this document only Poiseuille flow will be discussed. Poiseuille
Microcantilevers: Calibration of their spring constants
and use as ultrasensitive probes of adsorbed mass
Page 61 of 169
flow describes the flow between two plates (at y = 0, y = h) along the
x-axis driven by a pressure gradient dp/dx. The speed of the fluid can be
found to vary as




y(y − h) (4.4)
across the channel.[109] The velocity profile of the flow is illustrated in
figure 4.1. One important concept in fluid dynamics is the no-slip bound-
Figure 4.1: Hyperbolic velocity profile of fluid flow between two parallel plates driven
by a pressure gradient.
ary condition, which states that the fluid velocity must match the velocity
of a solid body at its surface. Note that equation (4.4) satisfies the no-slip
condition at y = 0 and y = h. In an ideal channel of constant height the
pressure drops linearly to zero over the channel length, driving the fluid





where ∆p is the pressure difference between that at the start and end of
the channel.
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4.4 Calibration of the Flexural Spring Constants; Theory
and Simulation
In this and the following sections a new method for the calibration of
the flexural spring constants of all modes of microcantilever beams is
described.
Cantilever structures display a series of natural flexural vibration
modes un(x) with frequencies ωn.[1, 62] Due to the stiffness of the struc-
tures an internal bending moment Mn(x) = EI(x)u
′′
n(x) is associated with
each mode n,[62] where E is Young’s modulus, I(x) is the area moment of
inertia, and u′′n(x) is the second derivative of the n
th flexural mode un(x)
with respect to x.
The method to determine the flexural spring constants is based on
measuring changes in the flexural resonance frequencies, ωn, of a can-
tilever by applying small forces parallel to the cantilever length as shown
schematically in figure 4.2. The cantilever is shown bent near its maxi-
Figure 4.2: Schematic side view of an oscillating cantilever with two example forces,
denoted by the (red) arrows, acting parallel to the cantilever length.
mum amplitude in the second flexural mode. It is clear from the figure
that the applied forces will possess a component which acts to bend the
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cantilever into a further bent shape. The applied force will have this
effect throughout the cantilever’s cycle of oscillation, with the exception
of where the cantilever is perfectly straight. The forces will act to lower
the resonance frequency of the cantilever.
The external forces applied along the x-direction of the cantilever cre-





′)(un(x′)− un(x))dx′ + (un(l)− un(x))Fend, (4.6)
when the cantilever is oscillating. ζx(x) is a force per unit length applied
in the x-direction and Fend is the force applied to any face at the free
end of the cantilever. If the modal shapes are normalised according to


















provided ∆Mn << Mn and hence un(x) is not significantly changed by the
external forces. The eigenmodes are normalised such that the energy
of each mode calculated using un(x) corresponds to the modal energy
of the real cantilever such that the correct ∆(ω2n) may be calculated. If
the material’s properties and sizes of the cantilever are known, then the
normalisation can proceed via equation (2.17). However, some of the
properties are not necessarily well known hence the present calibration
method aims to elucidate the correct normalisation of the modeshapes
such that the spring constants may be calculated via equation (2.22). For
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The flexural spring constants at the position of the tip can be calculated
by setting un(x) to its value at the position of the tip.
The external forces are caused by a fluid flow from a microchannel,
with the flow direction parallel to the long axis of the cantilever as dis-
played in figure 4.3.[43,86]
Figure 4.3: Schematic of the experimental setup. A poiseuille flow profile is established
in the microchannel which interacts with the cantilever.
To provide information about the interaction of the flow from the chan-
nel with the cantilever, finite element method simulations were performed
with the open-source, multi-physics software package of Elmer.[55] Meshes
required in the simulations were created with Gmsh.[56] The mesh inde-
pendence of the results was confirmed by further mesh refinement. The
simulations were used to calculate the forces applied to the static can-
tilever by the fluid flow, based on which the resonance frequency shifts
were predicted according to equation (4.8).
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4.5 Calibration of the Flexural Spring Constants; Experi-
mental Details
Experiments were performed with a commercial AFM Explorer system
(ThermoMicroscopes, Sunnyvale, CA, USA). A homemade smooth par-
allel plate microchannel fixed on the sample stage of the AFM was po-
sitioned such that fluid flow from its exit interacted with the cantilever
as illustrated in figure 4.3. Pressure differences, ∆p, were applied to the
microchannel to drive the flow, establishing stable Poiseuille velocity pro-
files.[43] Nitrogen gas was used as the working fluid due to its low cost,
high purity and well known properties. In this work, a channel of height
H=150 µm and length L=4.5 mm was used. The channel was mounted
on micro-positioners (MDE262M, Elliott Scientific, UK) and aligned such
that the cantilever was level with the top of the channel and with its free
end 100 µm from the channel exit.
The maximum pressure applied to the channel in our experiments
was ≈1.4 kPa causing a velocity of nitrogen in the channel mid-line of
about 50 m/s.[86] The highest Reynolds number for our setup did not
exceed 500. In combination with the Knudsen number in the channel,
which is about 0.0005, this Reynolds number corresponds to the laminar
regime of incompressible flow.[110]
To test the method several commercially available tipless rectangular
silicon cantilevers (90-350 µm nominal length, 0.03-1.75 N/m nominal
spring constant, Al backside coating, R-A to R-F, Mikromasch[47]) and
two V-shaped silicon nitride cantilevers (V-D, SNL, Bruker: 205 µm nom-
inal length, 0.06 N/m nominal spring constant, Au backside coating, and
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V-B, Veeco: 196 µm nominal length, 0.12 N/m nominal spring constant,
Au backside coating[76]) were investigated. All rectangular cantilevers
had a nominal width of 35 ± 3 µm, cantilever V-B had a nominal leg width
of 41 ± 5 µm and V-D had a nominal leg width of 20 ± 5 µm. The term
‘nominal’ refers to the guideline values as provided by the manufacturer.
The plan view dimensions, for use in conjunction with the Sader
method, of all microcantilevers were determined with an Olympus op-
tical microscope. In addition, electron microscope images were obtained
for the V-shaped cantilevers to obtain accurate geometric data for their
tip dimensions and position.
Power spectral densities of thermal noise spectra were recorded with
an external interface with an accessible frequency range of ≈700 kHz (Na-
tional Instruments, USB-6251) as a function of fluid velocity. Resonance
frequency values, Q-factors, and peak areas for each mode were moni-
tored during measurement with a homewritten LabVIEWTM routine by
fitting Lorentzian curves to the resonance peaks similar to the procedure
described in ref.[78]. All resonance frequencies were monitored simulta-
neously. The resonant frequency values are based on the average of 50
individual spectra.
4.6 Calibration of the Flexural Spring Constants; Results
4.6.1 Cantilever Dimensions
The plan view dimensions of the tested cantilevers are reported in ta-
ble 4.3. The base width of V-B was found to be 201.4 ± 2.3 µm and
that of V-D was 203.5 ± 1.9 µm. The opening angle between the legs
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Cantilever lnom (µm) lexp (µm) wexp (µm)
R-A 110 ± 5 95.5 ± 2.7 28.4 ± 0.4
R-B 90 ± 5 76.3 ± 2.3 28.9 ± 0.4
R-C 130 ± 5 114.7 ± 3.1 31.1 ± 0.4
R-D 300 ± 5 295.0 ± 3.6 31.2 ± 0.3
R-E 350 ± 5 339.5 ± 3.9 31.4 ± 0.3
R-F 250 ± 5 240.1 ± 3.5 30.3 ± 0.2
V-B 196 ± 5 187.4 ± 0.4 39.8 ± 0.4
V-D 205 ± 5 204.0 ± 2.1 25.5 ± 1.0
Table 4.3: Dimensions of the cantilevers investigated, lnom is the nominal length,
lexp and wexp are the cantilever dimensions as determined by optical microscopy. Ex-
perimental uncertainties were derived from the standard deviation of at least three
measurements.
at the free end of the V-shaped cantilevers was therefore 56.5 ◦± 0.7 ◦ for
V-B and 53.0 ◦± 0.6 ◦ for V-D. For V-B and V-D the length was taken
perpendicular to the end of the chip, the leg width was taken parallel to
the cantilever base.
Figure 4.4: Optical microscopy image of the plan view of cantilevers R-C, R-B and
R-A (left to right of image).
Significant discrepancies from the manufacturer’s dimensions were
found, particularly in relation to the width of all the rectangular can-
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tilevers and the lengths of R-A, R-B and R-C. As can be seen in fig-
ure 4.4, all rectangular cantilevers had a reasonably rounded or picketed
free end. The quoted cantilever lengths were taken to be at the extreme
of the structure.
4.6.2 Forces Exerted by the Fluid Flow
Figure 4.5 shows the fluid flow around a rectangular cantilever from a
simulation with Elmer. In this geometry the flow from the channel tends
Figure 4.5: Simulated course of the fluid flow around a rectangular cantilever which is
level with the top of a microchannel and 100 µm from its exit. The fluid flow is from
right to left in each subfigure and the colour scale represents the fluid speed. (a) Slice
through the centre of the cantilever, speed along the cantilever long axis. (b) Slices
perpendicular to the flow direction, speed along the cantilever long axis. (c) and (d)
are plan views showing a slice at the same altitude as the cantilever with velocity in
the x and z directions respectively.
to stay beneath the cantilever as shown by figure 4.5(a), albeit with
some flow around the sides of the cantilever in the vertical (y) direction,
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figure 4.5(b). The speed of the flow in the y-direction is enhanced by the
presence of the chip where the fluid essentially has to choose whether to
flow over or under the chip. Figure 4.5(d) shows that the gas only moves
appreciably in the z-direction at the start and end of the cantilever. It
also confirms the validity of the volume of fluid simulated to either side of
the cantilever. Note that the boundaries at low and high z in this figure
(the sides of the domain) are subject to a no flux condition; the velocity
parallel to the boundaries is unrestricted but no fluid may pass through
them.
Fluidic force distributions for a range of flow velocities were deter-
mined with Elmer for all cantilevers studied. Figure 4.6(a) shows some
of the forces per unit length exerted by the fluid flow along the cantilever
length on cantilevers R-E and R-C at different fluid speeds as obtained
from simulation. It was found that the force distributions for all rectan-
Figure 4.6: Fluidic forces per unit length exerted by the flow from the microchannel
depending on the fractional position along the cantilever length: (a) forces on can-
tilevers R-E (solid lines) and R-C (dashed lines) at fluid speeds of 6 (◦), 15 (+), and
30 m/s (×), and (b) tipped V-B (solid lines) and tipless V-B (dashed lines) at fluid
speeds of 6 (◦), 15 (+), and 30 m/s (×).
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gular cantilevers were remarkably similar for fixed fluid speed values if
normalised to the cantilever length and hence a single force distribution
(that of R-E) was used in the calculations. Figure 4.6(b) displays the
fluidic force for cantilever V-B with and without a tip. The influence of
the tip is clearly visible as a sharp peak in the force at the tip position.
There is only a very small deviation in the fluidic force on the rest of the
cantilever.
Figure 4.7: Calculated frequency shifts (open circles) for the first four flexural modes
of a rectangular cantilever. The predicted shifts are well described by a linear fit (solid
lines).
4.6.3 Frequency Shifts
Theoretical frequency shifts ∆(f 2n) = ∆(ω
2
n)/4pi
2 as a function of fluid ve-
locity were determined with homewritten MATLAB routines according
to equation (4.8), using modal shapes un(x) whose maximum deflection at
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the free end was set to one. The simulated forces applied to the cantilever
(from simulations in the previous section) were used to calculate a value
for the frequency shift at each velocity simulated. Results are displayed
in figure 4.7.
Figure 4.8 displays experimentally obtained power spectral densities
of the resonance peaks at zero fluid velocity for cantilever R-E along
with the resonance frequencies and the Q-factors. The Q-factors of all
Figure 4.8: Thermal noise power spectral densities of the first four flexural modes
obtained for cantilever R-E.
resonant peaks showed fluctuations below 5-10% for different fluid speeds.
Q-factors can therefore be considered as constant and independent of fluid
velocity.
Similar plots to those shown in figure 4.7 can be made with the ex-
perimental data. Figure 4.9 shows typical frequency shifts as a function
of fluid velocity obtained experimentally for the first four modes of flexu-
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Figure 4.9: Experimental data (×) and fit (solid line) of the frequency shifts as a
function of fluid velocity for the first four flexural modes of cantilever R-E. Error bars
are based on the experimentally determined standard deviation of 15 measurements of
the resonant frequency values at a constant fluid speed. Only one error bar for each
mode is shown for clarity.
ral vibration of cantilever R-E. The frequency shift ∆(f 2n) decreases with
mode number n as expected. This behavior was observed for all can-
tilevers investigated.
The external moments ∆Mn(x) exerted by the fluidic forces are pro-
portional to un(x). This allows for the determination of the normalisa-
tion factor for un(x) (via equation (4.8)) by fitting a single parameter
such that the calculated frequency shifts match those determined exper-
imentally. The resulting normalised eigenmode shapes then comply with
equation (2.17). It is this normalisation which effectively accounts for
non-ideality of the cantilever of interest.
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To calculate the spring constants of a real cantilever the experimen-
tal and simulated frequency shifts are obtained for the real and ideal
cantilevers, from which the amplitude of each of the eigenmodes may
be calibrated. Subsequently the spring constants, kn, can be determined
by equation (4.9) for a single spring, or equation (2.22) for the general
case of a distribution of springs, using the normalised modeshape and the
resonance frequency of each eigenmode.
4.6.4 Spring Constants
Spring constants of rectangular cantilevers were determined using both
the method described above and the method of Sader[85] for all accessible
flexural modes of oscillation. Values for the Sader method were deter-
mined using the experimental dimensions shown in table 4.3 along with
the online calibrator for rectangular cantilevers.[111] Results are summa-
rized in tables 4.4 and 4.5. For some of the cantilevers presented here
only the fundamental or first few modes were within the frequency range
accessible with our equipment. The major source of uncertainty in our
calibration comes from the fit of the experimental frequency shifts. Con-
fidence bands based on one standard deviation were used in the calcula-
tion of the uncertainty. The resulting uncertainty in the spring constants
is typically in the 5-10% range. Careful positioning of the cantilever
eliminates the potential for related systematic errors in our calibration
scheme.
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Cantilever k1 (N/m) k2 (N/m)
Nominal This work Sader δ1 (%) This work Sader δ2 (%)
R-A 0.95 0.914(44) 1.02 -11.6 - - -
R-B 1.75 1.99(21) 2.08 -4.5 - - -
R-C 0.6 0.650(44) 0.653 -0.5 31.1(4.1) 32.2 -3.5
R-D 0.05 0.0644(39) 0.0611 5.1 2.79(11) 2.47 11.5
R-E 0.03 0.0428(20) 0.0398 7.0 2.10(6) 1.82 13.8
R-F 0.08 0.104(6) 0.0979 5.9 4.61(23) 3.96 14.1
V-B 0.12 0.117(6) - - 1.47(32) - -
V-D 0.06 0.0602(47) - - 1.25(4) - -
Table 4.4: Spring constants for the first two modes of a variety of microcantilever
sensors. The uncertainty in the last digits is given by the quantity in brackets. δn is
the percentage difference between the spring constant derived by the method described
in this work and that from the Sader method.
4.7 Calibration of the Flexural Spring Constants; Discus-
sion
Our results based on the simulations and the experiments indicate that
forces and hence frequency shifts depend linearly on the fluid speed.
This can be explained by the fact that the force experienced by the
cantilevers is in our setup essentially a drag force exerted by the fluid,
which according to Stokes’ law increases linearly with speed.[105]
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Cantilever k3 (N/m) k4 (N/m)
This work Sader δ3 (%) This work Sader δ4 (%)
R-D 22.6(1.6) 14.5 35.6 88.5(13.7) 79.7 -8.4
R-E 17.1(6) 14.9 13.1 67.5(4.3) 63.8 5.5
R-F 37.3(3.8) 33.3 10.7 - - -
V-B 6.37(1.3) - - 18.3(3.7) - -
V-D 6.86(40) - - 17.3(1.4) - -
Table 4.5: Spring constants of the third and fourth modes of a variety of microcan-
tilever sensors. The uncertainty in the last digits is given by the quantity in brackets.
δn is the percentage difference between the spring constant derived by the method de-
scribed in this work and that from the Sader method.
4.7.1 Influence of Cantilever Thickness
The thickness of a cantilever is crucial for its resulting stiffness,[78] but
it is much more difficult to determine it accurately than the plan view
area dimensions. Calibration methods which do not rely on the exact
knowledge of the cantilever thickness are therefore desirable. A 25%
deviation of the cantilever thickness from its nominal value results in a
factor of two difference in its flexural spring constant since the latter
scales with the third power of the thickness.[62]
Figure 4.10 shows the effect of using the fluidic forces calculated for
a 1 µm thick cantilever in the calculation of the frequency shifts for a
1.25 µm thick cantilever along with the calculated shifts from simulations
run with a cantilever thickness of 1.25 µm. The different gradients shown
in the figure give the error associated with using the predicted frequency
shifts from the 1 µm cantilever for a cantilever of differing thickness. Our
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Figure 4.10: The effect of using the ‘wrong’ cantilever thickness in the calculation of
the frequency shifts for the first four flexural modes of a rectangular cantilever. The
shifts for a 1 µm cantilever calculated using the simulated forces for a 1 µm cantilever
have been added for reference and replicate the frequency shifts shown in figure 4.7.
The frequency shifts have been scaled by assumed material properties for a silicon
cantilever[59] such that the shifts are those expected for an ideal cantilever of type
R-E.
modeling indicates that with the method presented here a 25% change
in the thickness of the cantilever leads to a deviation of the determined
spring constant value of less than ≈6% compared to the correct value
because of the small contribution of the cantilever side walls to the overall
fluidic force. Therefore the exact cantilever thickness is much less crucial
in obtaining accurate results here.
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4.7.2 Cantilever Dimensions and Shape
All experimentally determined spring constants of the first flexural modes
fall within the range given by the manufacturers, despite some of the di-
mensions of the cantilevers being outside the nominal range. The funda-
mental spring constants obtained for R-A, R-B, V-B and V-D are within
experimental error of the manufacturer’s nominal value. Generally, the
fundamental spring constants calibrated using our method are in agree-
ment with the values derived by the Sader method. No uncertainties
are quoted for the Sader method but previous studies have found that
an error of up to 10-20% is reasonable.[48, 103] For the higher modes
(n >1) larger deviations are observed between the calibration methods.
This is expected as approximations are made in the Sader method which
mean that it becomes progressively less accurate as the mode number
increases.[112,113]
In other studies[48,103] it has been found that the Sader method un-
derestimates the spring constant due to a rounding-off of the free end
or from a non-rectangular cross section of real cantilevers. Our results
for R-D, R-E and R-F tend to support this, with the fundamental spring
constants determined by our method being 5-7% higher than those deter-
mined by the Sader method. In addition, the Sader method requires that
l >> w >> t, a condition that may not be totally satisfied by cantilevers
R-A, R-B, and R-C which potentially explains why the Sader method
appears to underestimate the spring constants for these cantilevers. The
applicable lower limit of l/w is unclear, the minimum tested by Sader
was l/w = 3.3, for which calibration by the Sader method showed rea-
sonable agreement with other calibration methods.[85] It has also been
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noted that the errors associated with the Sader method increase with
decreasing l/w as well as for increasing mode number.[113] The deviation
between the two methods was greatest for R-A which has l/w ≈3.1, how-
ever a smaller discrepancy was obtained for R-B despite its slightly lower
l/w of 2.6. A recently published scheme[114] for the exctraction of the
fundamental flexural spring constant from a thermal noise based method
observed a similar disagreement with the Sader method for a cantilever
with l/w=3.2. Very close agreement between the two methods is evident
for cantilever R-C.
The deviations of the rectangular cantilevers from the ideal shape do
not have a significant effect on our calibration procedure due to the small
relative influence that it has on the fluidic force per unit length. All non-
ideality in the cantilever dimension is effectively encoded in the modal
shapes un(x), the experimentally determined normalisation factors and
the measured resonance frequencies of the cantilever.
Only one set of theoretical frequency shifts was required in case of
rectangular cantilevers as the simulated forces and modeshapes could
simply be normalised by the nominal cantilever length. The deviation in
the spring constants in comparison with using the correct force distribu-
tions (see figure 4.6) was below 6% for all rectangular cantilevers studied.
This can be seen qualitatively in figure 4.11 which displays the frequency
shifts calculated for R-C using the force profiles from simulations of R-C
and R-E. The difference in the gradients of the two traces gives the error
in the spring constant of using the profile of R-E in the calculation of the
spring constant of R-C.
The exact shape of the chip in the proximity of the fixed end of the
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Figure 4.11: Theoretical frequency shifts for the first two modes of cantilever R-C
when using the simulated fluid force profile for R-C (‘+’) and for the scaled fluidic
force profile from R-E (‘◦’). The frequency shifts have been scaled by assumed material
properties for a silicon cantilever[59] such that the shifts are those expected for an ideal
cantilever R-C.
cantilever (steep face versus slanted face) was found not to be crucial.
There was no significant difference in the overall resulting fluidic force
and hence frequency shifts. This can be explained by the fluid flowing
mainly at the bottom side of the cantilever and the relatively small fluidic
force at the fixed end due to the decreasing fluid speed with increasing
distance from the channel exit (see figure 4.6).
4.7.3 Influence of a Tip
It has been reported that the higher modal shapes can be significantly
affected by the tip mass if it amounts to several percent of the total
cantilever mass.[89] For the tipped V-shaped cantilevers studied the mass
of the tip contributed less than 0.9% to the total mass of V-D and less
than 0.5% to the mass of V-B. The determination of the modal shapes
as described in ref.[44] indicated that there is no significant influence on
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the mode shapes compared to the same cantilevers without the tip, but
it could be taken into account if required.
The simulations further demonstrated that the effect of the tip on
the fluidic forces experienced by the cantilevers is small. Figure 4.6(b)
shows the fluidic force per unit length for various speeds experienced
by cantilever V-B with and without the tip. A pyramidal tip of around
3.5 × 3.5 µm2 at the base and 4 µm in height based on electron microscopy
images was included in some of the simulations. These dimension appear
to be typical for this type of cantilever in view of the manufacturer’s
specifications. The presence of the tip has an influence on the fluidic
forces but it is a small effect resulting in an increase of the magnitude
of the frequency shifts of all modes of V-B of less than 3% and less than
1% in case of V-D. For other types of cantilevers and tips it might have a
bigger influence. To minimize the contribution from the tip to the fluidic
force the top of the cantilever could also be aligned with the bottom of
the channel such that the drag force is mainly exerted over the tipless
top side of the cantilever.
Note that with the normalised mode shapes and resonant frequencies
known the spring constants for any force distribution and any tip position
along the cantilever can be determined.[44] In particular any tip setback
can easily be taken into account using equation (4.9).
4.7.4 Influence of a Colloidal Probe
In many force sensing applications, or in measurement of surface vis-
coelastic properties, a colloidal probe is attached to the cantilever or its
tip. Most colloidal probes are spherical beads of ≈1 to 30 µm diameter
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which are used to provide an easily described area of contact with a sur-
face.[10] They can be useful in determining the viscoelastic properties of
soft samples, for example biological cells, where use of a sharp tip could
damage the sample.
As with the addition of a tip to the cantilever, the presence of a
colloidal probe may modify the modal shapes of a cantilever due to its
mass along with increasing the forces applied to the cantilever in the
calibration method described here. Furthermore, colloidal probes are
attached to the cantilever surface by use of some form of glue which
has the potential to create a surface stress distribution adding to the
cantilevers effective spring constant. The latter effect is expected to be
negligibly small as the contact area between microsphere and cantilever
should be sufficiently small.
A range of microsphere sizes and materials appear in the literature,[10]
however this discussion will restrict itself to an example of a 5 µm diam-
eter silicon microsphere similar to that used in ref.[115]. A microsphere
of this dimension increases the mass of cantilever R-E by ≈0.6% meaning
that it does not affect the modeshapes unduly.[89] However, it is easy
to see that a microsphere of just double this size, 10 µm in diameter,
amounts to around 4.8% of the mass of R-E and would probably have to
be included in the determination of the modeshapes. A non-homogeneous
mass distribution can be taken account of using the equations in sec-
tion 2.5.
The fluidic forces applied to cantilever R-E with the 5 µm diameter
colloidal probe attached were simulated. From the forces predicted fre-
quency shifts were calculated based on modeshapes unaffected by the
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mass of the colloidal probe. Figure 4.12 shows these frequency shifts
along with those for cantilever R-E. The shifts for the cantilever with the
Figure 4.12: Theoretical frequency shifts of the first four flexural modes for a 350 µm
rectangular cantilever showing the effect due to the addition of a colloidal probe. Data
for the cantilever with the colloidal probe shown by ‘◦’, for comparison the cantilever
without the probe is shown by ‘+’. Frequency shifts were calculated using assumed
materials properties for silicon.[59]
colloidal probe are actually smaller which seems counter-intuitive. The
origin is that although there is a spike in force at the position of the
microsphere, its presence affects the fluid flow sufficiently for the forces
to be lower on the bottom surface of the cantilever in the vicinity of
the probe. The error associated with using the simulated shifts for the
cantilever without colloidal probe in the determination of the spring con-
stants of the first four flexural modes compared with a cantilever with
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this colloidal probe are in the range of 11 to 13%. Therefore for many col-
loidal probes their mass and effect on fluidic forces have to be accounted
for if spring constants are to be determined accurately with this method.
The treatment of the fluidic forces is straightforward, the effect of the
probe is to cause a spike in force at its position (similar to that caused
by the tip in figure 4.6) and to slightly lower the forces elsewhere on the
bottom surface of the cantilever. Effects related to the mass of a colloidal
probe can be incorporated into a non-homogeneous mass distribution in
the determination of the modeshapes.
4.7.5 Cantilever Positioning
The positioning of the cantilever relative to the fluid flow is important,
although we found that in the current setup it is rather insensitive to a
deviation of several micrometres in the direction of the channel height
and tens of micrometres in the distance from the exit.
In the position that we used in our experiments the fluid flow exerts a
force parallel to the cantilever length but the cantilever does not distort
the main flow from the channel significantly because it is placed in the
outer regions of the fluid stream. In fact, the cantilever can be considered
to be an extension of the channel with flow essentially on one side only.
Simulations were performed to quantify the sensitivity of the calibra-
tion scheme to an error in the positioning of the cantilever with respect
to the exit of the channel. Figure 4.13 defines the terms h′ and d used
to describe the positioning of the cantilever relative to the microchan-
nel exit. Figure 4.14 shows the simulated frequency shifts for cantilever
R-E for a variety of distances, d, from the exit of the microchannel. Fig-
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Figure 4.13: Schematic of the experimental setup defining the symbols representing the
distance and cantilever altitude relative to the exit of the microchannel.
ure 4.14 shows that there is minimal difference in the frequency shifts for
a wide range of d. Thus any error in positioning in this direction results
in only a small deviation in the calculated spring constants. The differ-
ence between the shallowest and steepest gradient in each of the plots in
figure 4.14 is less than 7%, for the comparison between 80 and 120 µm
distances from the exit. The deviation in frequency shifts resulting from
misalignment translates into an identical percentage error in the deter-
mined spring constant. As such the method is relatively insensitive to
an error in positioning of tens of micrometres in the distance from the
exit. Experimentally this distance was set using micropositioners with
an accuracy of better than 10 µm, hence the experimental positioning
should be sufficiently accurate to obtain representative spring constants.
The positioning of the cantilever relative to the channel height is also
important and simulations have been run to quantify the associated po-
tential errors. The predicted frequency shifts for a range of cantilever
heights, h′, are shown in figure 4.15. Again the gradient of each trace rel-
ative to that for the desired position (e.g. h′=150 µm) give an estimate
for the error associated with inaccurate positioning of the cantilever. The
percentage differences in the predicted spring constant of the first mode
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Figure 4.14: Calculated frequency shifts for the first four flexural modes of rectangular
cantilever R-E for different distances from the exit of the microchannel. The frequency
shifts have been scaled by assumed material properties for a silicon cantilever[59] such
that the shifts are those expected for an ideal cantilever.
would vary by 12%, 2%, 13% and 22% for incorrect experimental align-
ment to the positions h′=145 µm, h′=148 µm, h′=152 µm and h′=155 µm
respectively.
As one would expect, the frequency shifts increase if the cantilever
is moved towards the centre of the channel due to the higher speeds
and forces experienced there. The shifts also begin to show a non-linear
relationship with respect to the speed at the centre of the channel. Such
effects shall be discussed in more detail in section 4.8.2. As the cantilever
Page 86 of 169 Microcantilevers: Calibration of their spring constants
and use as ultrasensitive probes of adsorbed mass
Figure 4.15: Calculated frequency shifts for the first four flexural modes of rectangular
cantilever R-E showing the effect of changing the relative height, h′. h′=150 µm repre-
sents the case where the cantilever is level with the top of the channel. The frequency
shifts have been scaled by assumed material properties for a silicon cantilever[59] such
that the shifts are those expected for an ideal cantilever.
is moved higher than level with the top of the channel, then it moves into
lower speed flows, experiences smaller forces and therefore smaller shifts
are expected.
For the case where the cantilever is 34 µm above the top of the mi-
crochannel the frequency shifts are initially negative but level off and
even increase with fluid speed. The flow from the microchannel is essen-
tially a jet, the width of the jet increases with distance from the exit and
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hence it can still affect the cantilever when it is a considerable distance
above the exit. However, the jet narrows with increasing fluid velocity
such that for higher velocities the main part of the flow no longer inter-
acts with the cantilever. Fluid near the stream is entrained to move with
it and some circulation is induced. It is this circulation which gives rise
to a fluid flow in the opposite direction along the cantilever and causes an
increase in resonance frequency for the higher speeds in the h′=184 µm
position.
The relative angle between cantilever and channel also has the poten-
tial to play a role in determining the frequency shifts. In the present
experimental setup it is impossible to quantitatively determine the rel-
ative angle. However, the flexural frequency shifts were observed to be
largely unaffected by variation of the angle of up to at least ±5 ◦. The
decrease in the force along the cantilever for a misaligned case can be
considered to be due to a scaling of the aligned force by the cosine of
the angle. Since this is close to one for a small angle, the reduction in
the force along the x-direction is also sufficiently small to not affect the
frequency shifts unduly. Anecdotal evidence from experimental experi-
ence suggests that the calibration of the V-shaped cantilevers were more
sensitive to angular misalignment than rectangular cantilevers.
The bending moment calculation can also be executed for the tor-
sional modes of oscillation. The predicted contribution to a torsional
frequency shift due to the parallel forces is very small, hardly larger than
random noise, due to the low amplitude of the modes. Experimentally,
the frequency shifts of the torsional eigenmodes were found to depend
critically upon the angle between cantilever and channel. Even a small
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misalignment was found to enhance the frequency shift of the torsional
modes for all cantilevers. It was found that torsional frequency shifts
are linked to the static bending of the cantilever, which itself depends
on the forces applied in the y-direction and hence upon the angle of mis-
alignment. The lack of a torsional frequency shift when the cantilever
is aligned parallel to a fluid flow could be used as an indication of the
relative angle between cantilever and channel. The explanation for the
link between static bending and torsional frequency shifts shall become
clear during chapter 5.
The fluidic forces exerted normal to the cantilever length cause some
static bending but do not change the oscillation frequencies if the bend-
ing is small enough and the cantilever behaves like an ideal beam.[60]
The highest static bending observed occurred for R-E and was roughly
500 nm at the free end for the highest fluid speed of ≈50 m/s based
on experiment. The theoretical calculation with the normal fluidic force
distribution from the modeling gave a similar value.[44, 54]
4.8 Other Geometries
Since the cantilever chip is positioned on the AFM head, and the chan-
nel upon micropositioners on the AFM’s sample stage then any relative
position and orientation between cantilever and channel is easy to test.
The case where h′ = h, in the previous section, was found to be the eas-
iest to accurately achieve in the current experimental context. It was
also reasonably insensitive to experimental errors in the distance of the
cantilever from the channel exit and in the height from the bottom of
the channel.
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A range of positions were investigated and some of the cases where the
fluid flow was predominantly along the cantilevers length are presented
here. A discussion of experiments where the fluid flow is predominantly
perpendicular to the cantilever follows the conclusion of this chapter.
4.8.1 Channel Dimensions
Any channel height or length could be used provided that the fluid flow
from its exit is steady and laminar. Channel heights tested ranged from
50 to 300 µm. From that range the motivation for using one channel over
another is primarily one of experimental convenience. The accuracy of
positioning the cantilever is the same for all channels hence the fractional
error in positioning is smaller for deeper channels. However, by equa-
tion (4.5), a channel of greater height will produce higher flow speeds (for
a given pressure) which are more likely to become turbulent. Of course, a
lower pressure and/or a longer channel could be used but in the existing
set up the channel length is inflexible and a pressure range as large as
practical is desirable to reduce any errors relating to the pressure sensor.
For these reasons a 150 µm channel was generally used.
All channels tested produced the same trends in the frequency shifts
for the same relative cantilever/channel geometry. The flexural frequency
shifts are still all negative but the quantitative behaviour depends upon
the channel height.
4.8.2 Cantilever Positioned Near the Centre of the Channel
If the cantilever was placed at the middle of the channel height, i.e. in the
middle of the parabolic fluid velocity profile (h′ = h/2), a large variation
Page 90 of 169 Microcantilevers: Calibration of their spring constants
and use as ultrasensitive probes of adsorbed mass
in the normalisation factors extracted for the different individual modes
was observed. As a consequence, there was also a significant deviation
from the spring constant values reported in tables 4.4 and 4.5.
The fluidic forces and frequency shifts increased as the cantilever was
moved towards the centre of the channel. The profile of the fluid flow
can be simulated, a slice through one such simulation for a V-shaped
cantilever with h′ = h/2 is shown in figure 4.16. The effect on the
Figure 4.16: Simulated fluidic flow around an ideal V-shaped cantilever positioned near
the centre of the microchannel.
fluidic forces can be seen in figure 4.17. The magnitude of the forces
around the cantilever increases as the cantilever is moved towards the
centre of the channel. Given that for h′ = h the majority of the flow is
on one side of the cantilever it is perhaps surprising that larger forces
in the y-direction, and therefore greater static bending, are predicted
for cantilevers closer to the centre of the channel. The origin of this is
the effect of the cantilever chip in changing the direction of the flow,
particularly near to the fixed end. The chip plays an increasing role as
h′ is lowered towards and past h/2.
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Figure 4.17: Simulated fluidic forces in the (a) x- and (b) y-directions for a variety
of h′ for cantilever R-E. h′ are given in micrometres and are relative to a 150 µm
channel height. In all cases the velocity at the centre of the Poiseuille was 22 m/s.
The deviation of the determined kn (relative to those determined for
h′ = h in tables 4.4 and 4.5) can be elucidated from figure 4.18. For
the case where h′ = 83 µm the cantilever is positioned close to the cen-
tre of the 150 µm high channel. Note that the reason for discussion of
h′ = 83 µm as opposed to the exact centre, h′ = 75 µm, is experimental in
origin and is related to the process by which h′ is set experimentally. It
can be observed in the figure that for the first eigenmode the experimen-
tally obtained frequency shift is roughly two and a half times larger than
that predicted from the simulated fluidic forces and the bending moment
theory (equation (4.8)). The discrepancy between simulation and exper-
iment is reduced for the second mode, largely eliminated for the third
mode and eliminated for the fourth mode. In some cases it even appears
that the experimentally obtained shifts for the third and fourth modes
are less than predicted whilst the first and second are larger.
The deviation in the normalisation factors is likely to be an indication
of a coupling of the flexural modes to the flow from the microchannel
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Figure 4.18: Calculated and experimentally obtained frequency shifts for the first four
flexural modes of rectangular cantilever R-E for a range of values of h′. The frequency
shifts have been scaled by assumed material properties for a silicon cantilever[59] such
that the shifts are those expected for an ideal cantilever.
where the strength of the coupling depends on the mode. It appears
that the calculations we performed with a static cantilever do not de-
scribe this situation adequately, and the steady-state approximation is
no longer applicable. This is supported by studies of macroscopic flexible
cantilevered plates positioned in the middle of a channel flow, see for ex-
ample refs.[116, 117]. A small number of transient simulations were run
in an attempt to replicate the effect but all were unsuccessful, which may
be related to the fact that Elmer is not the software package of choice for
describing the transition to turbulence.
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4.8.3 Extension of the Lower Surface of the Microchannel
One simple variation of the setup shown in figure 4.13 is to have the bot-
tom surface of the microchannel extending beneath the cantilever and the
chip. Such a setup was tested and behaviour similar to that shown in the
previous sections was observed. All frequency shifts were negative and
their magnitude showed a roughly linear relationship with fluid speed.
However, the forces perpendicular to the cantilever were enhanced re-
sulting in a larger static bending of the cantilever for a given fluid speed.
Assuming perfect alignment of the lower surface of the channel and the
chip, a second microchannel up to several millimetres in length beneath
the chip with the same height as the primary microchannel is created,
see figure 4.19. Hence, there is a large ‘impedance’ to hinder the path of
Figure 4.19: Slice through a 3-D simulation showing the fluid speed in the x-direction
(along the cantilever length). The surface making up the bottom of the microchannel
extends beneath the cantilever and chip, a secondary microchannel is formed under-
neath the chip to the left side of the image.
fluid through this secondary microchannel and a significant amount of the
fluid from the primary microchannel must flow up around the cantilever
and along the (near) vertical face of the cantilever chip, see figure 4.19.
This upward flow imparts forces upon the cantilever causing a greater
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bending than for the case where there is no wall beneath the cantilever.
This explanation was experimentally reinforced by blocking off the sec-
ondary microchannel underneath the chip. The observed frequency shifts
were similar to when the secondary microchannel was open.
One interesting property of this setup is that the frequency shifts were
unaffected by changing the distance between the exit of the channel and
the free end of the cantilever. Indeed, moving the free end of a 300 µm
long rectangular cantilever from around 50 µm to 400 µm from the exit
resulted in an increase of the magnitude of the frequency shift of the
fundamental flexural mode of around 10%. Conversely, the frequency
shift of the second mode dropped by around 5% and that of the third
mode increased by less than 5%. The origin of this effect is probably
linked to the effect described above: as the flow is encouraged away from
the bottom wall around the cantilever higher speed fluid originating from
the centre of the Poiseuille profile can interact with the cantilever. The
speed of the flow drops off away from the microchannel exit, but as the
cantilever is moved further away from the exit the position of maximum
flow speed moves towards the free end of the cantilever. As forces on the
free end of the cantilever have the greatest influence on the frequency
shifts (see equation (4.6)), moving the position of maximum parallel fluid
force towards the free end of the cantilever offsets the effect of the reduced
fluid speed with distance from the microchannel exit.
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4.8.4 Parallel Fluid Flow with the Cantilever as an Extension of the
Channel
The initial work of this project was as an extension to the ideas detailed in
refs.[43,86] where the lower surface of the cantilever chip formed the top
of the microchannel and the fluid moved parallel to the cantilever length
but from the fixed to the free end. The theory previously derived and
applied for this setup was found to be inappropriate as it relied upon the
fluid speed being constant underneath the cantilever. It also assumed
that the Poiseuille profile continued underneath the cantilever as if it
were an extension of the channel. However, simulations of the fluid flow
showed that it flowed around the sides of the cantilever within a short
distance from the exit. The effect is the same as depicted in figure 4.19,
where the flow moves away from the wall beneath the cantilever.
For these tests the cantilever chip was positioned atop the microchan-
nel to form its upper surface. Hence the chip was not mounted on the
AFM head but on the sample stage. It was therefore difficult to position
the system such that the cantilevers were in focus and modes higher than
the second flexural were almost impossible to observe due to low signals.
Positive frequency shifts were observed, as might be expected if the
effect is due to an additional bending moment associated with the parallel
forces. In this case the forces are in the opposite direction along the
cantilever to those described earlier in this chapter. Frequency shifts
were gathered for the first two flexural resonance modes, with the third
occasionally observable. Higher modes were not observed as routinely
due to the fact that the chip was not mounted upon the AFM head and
hence perfect alignment of the laser upon the cantilever was generally
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unachievable.
Additionally, experimentally obtained frequency shifts were thought
to depend quite sensitively upon the angle with which the chip was placed
upon the microchannel, which was difficult to judge and entirely unre-
peatable. The fluidic forces imparted on the cantilever were simulated
and used to calculate predicted frequency shifts based on the bending mo-
ment calculation of equation (4.6). The calculated shifts for cantilevers
parallel to the lower surface of the channel were found to be significantly
smaller than those determined experimentally. However, the predicted
frequency shifts showed large variations with the angle between cantilever
and microchannel, adding weight to experimental experience.
Hence, the parallel flow arrangement with the cantilever as an exten-
sion of the channel was abandoned in favour of having the chip mounted
on the AFM head and a self-contained channel positioned upon the AFM
sample stage as described earlier in section 4.5.
4.9 Failed Theoretical Attempts to Explain the Observed
Frequency Shifts
Historically speaking, in terms of a PhD study, the experimental part of
the method always worked well, i.e. reasonably reproducible and mea-
surable frequency shifts were observed for a range of geometries and
cantilevers. There were many attempts to reproduce the observations
in a theoretical manner with the assistance of the simulations. Some of
the theories that were developed but ultimately discarded are discussed
in this section. The majority were unsuitable due to predictions of fre-
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quency shifts of insufficient magnitude.
Any object or body which experiences a force gradient will have its
natural vibrations modified accordingly. The way that a force varies
around the surface of an object can be described as an additional external
spring, or distribution of springs acting upon it.[44] Related treatments
can be found in many areas of physics, for example the chemical bonds
between the carbon and oxygen atoms of a molecule of CO2 amount to
an electrical potential the gradient of which is the force with which the
atoms are held in position. The bonds can then be viewed as a spring
and the whole system as a simple harmonic oscillator with some charac-
teristic mass and used to explain the molecule’s responses in vibrational
spectroscopy.
Various theoretical treatments were based on this philosophy and sim-
ulations were executed to determine the forces or static pressures acting
on the cantilever in a certain position. The gradient at the cantilever sur-
face then has to be determined. Two examples of the pressure gradients
at the cantilever surface are shown in figure 4.20. MATLAB routines
were written to determine the pressure and velocity along a given line
profile and were used to record the variation of the pressure near to the
cantilever surface. To obtain accurate information, and the largest gra-
dients, very fine meshes were required at large computational cost. The
mesh used for the data in figure 4.20 had around 359 000 points as op-
posed to around 8 200 in most of the simulations, it was therefore run
on the computational cluster in St Andrews.‖ The mesh was biased such
that it was much finer around the surface of the cantilever which allows
‖Simulation run by Dr Herbert Fruchtl using files prepared by the author.
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Figure 4.20: Simulated pressure gradients on the top and bottom surfaces of a can-
tilever.
the gradient in figure 4.20 to be calculated between the pressure at the
cantilever surface and that 0.6 µm from the surface.
Figure 4.20 shows data for the geometry of h = 150 µm, with h′ = 150
and 83 µm. The pressure gradient and therefore external spring distribu-
tion is zero over the majority of the cantilever and is only significant near
the free end. If, when the cantilever moves, it experiences an increase in
force then the pressure gradient is positive and the effect of the gradi-
ent will be to force the cantilever back towards its equilibrium position
thus increasing its resonance frequency. The gradients from x ≈ 340 µm to
≈ 349.7 µm in the figure all act to increase the resonance frequency, in con-
trast to the experimental observations. The predicted gradient changes
sign very close to the cantilever free end and this gradient indicates a
negative frequency shift. The two effects compete and the calculated fre-
quency shifts cannot account for those obtained experimentally, generally
being of the correct sign but having a magnitude of up to a few percent
of the experimentally observed values.
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Another method by which a pressure gradient was calculated was by
running two simulations with the cantilever in slightly different positions
and comparing the pressures experienced by the surfaces of the structure.
To obtain the gradient the cantilever in the second simulation was moved
up or down by 0.5-5 µm, rotated by an angle, or constructed in a bent
shape. Again, no calculated gradient possessed sufficient magnitude to
account for the experimentally observed frequency shifts.
A different set of treatments of the experimental shifts centred around
the potential effects of the fluidic forces along the x-axis in compression of
the cantilever. If the forces compressing a beam reach the Euler critical
load, EIpi2/l2, then the beam will buckle.[1] For cantilever R-E the critical
load is 4.46×10−5 N applied to the free end which is much larger than the
integral of the distributed forces applied to the cantilever, 3.5×10−7 N,
calculated from the 50 m/s simulation where the cantilever is level with
the top of a 150 µm channel. Therefore the cantilever beam is in no dan-
ger of buckling. The resonance frequency for a beam with a given load,







a2 = EI/wtρc which predicts a frequency shift in the fundamental mode
of 0.09 kHz2 if the entire force acting on the cantilever in the x-direction
(3.5×10−7 N) were applied on the free end. Hence, it is clear that such
an effect cannot account for the experimentally observed frequency shifts
which were around 3.4 kHz2 for this velocity.
4.10 Further Work
The origin of the extra frequency shift described in section 4.8.2 where
h′ ≈ h/2 is still unknown. As alluded to, it is probably an artifact of
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the higher fluid speeds that the cantilever is placed in potentially leading
to turbulence. A full treatment of the fluid-structure interaction may
be required. These two things expose the weaknesses in the modeling
software, indeed turbulence along with coupled (fluid flow and structural
mechanics) simulations with Elmer have proved inconclusive in the lim-
ited cases where reasonable results were achieved. A related possibility is
that the cantilever begins flapping like a flag and the observed frequency
shifts indicate a transition to turbulence. Whilst the flapping of flags or
plates has been studied by many groups,[116, 117] very little work has
been done on the initial stages of the transition to turbulence. It may be
that monitoring of the resonance frequencies of a body give an indication
of the processes occurring during such transitions.
For the successful calibration of the spring constants, the eigenmode
shapes are normalised using experimental data. Such a process essentially
amounts to calculating EI for any particular cantilever, and therefore
opens the possibility of using the fluid flow method to determine Young’s
modulus or moment of inertia of microstructures.
In the calibration scheme described the average of the normalisation
factors determined from all modes was used, an operation which assumes
that the cantilever is of the expected shape, of consistent thickness, and
homogeneous density and elastic modulus. If any of these conditions are
not satisfied then the normalisation factors may vary from mode to mode
and it may be possible to use them to determine how a particular prop-
erty of the cantilever (e.g. thickness) varies along its length as different
modes show greater sensitivities in different areas, in proportion to the
magnitude of un(x)
′′.
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The calibration could be performed in any fluid, in this work nitrogen
gas was used due to convenience and cost considerations. Executing the
calibration using a liquid could be of interest if the cantilever is going to
be used in such environments.
4.11 Conclusions
The method described here allows for the simultaneous calibration of
all flexural modes of microcantilever sensors. Spring constants can be
determined with an uncertainty of 5-10% and are in agreement with
the Sader method for the first flexural mode of rectangular cantilevers.
The higher flexural modes in particular have been successfully calibrated.
Due to the use of a fluid flow the approach does not pose any risk of
damaging the cantilever or any tip via contact with a surface. It also
does not require the accurate determination of cantilever thickness, nor
does it require calibration of the cantilever deflection. The calibration can
potentially be done in any fluid: liquid or gas and in low Q environments.
In principle any cantilever may be calibrated using the approach de-
scribed, provided the fluidic forces per unit length and mode shapes un(x)
are known. The former can be simply found by CFD simulations of the
static cantilever exposed to the fluid flow and the latter by the Ritz
method.
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5 Torsional Calibration of Microcantilevers
This chapter is partially based upon a patent application, ref.[118]. The
patent submitted being in relation to the method described in this chap-
ter.
5.1 Introduction
As described in sections 2.3.2 and 2.4.2 cantilevers may oscillate in a
twisting, or torsional, manner. A method to calibrate the spring con-
stants of these modes is described in this chapter. The terms torsional
and lateral are often used interchangeably in the AFM literature as the
application of a lateral force to a cantilever tip results in a lateral bending
and the torque associated with application of the force on the tip acts
to induce a torsional twisting of the cantilever.[51] Lateral forces on the
tip may be applied in AFM scans as the tip is moved over the surface
of interest. The static torsional spring constant, ks,t, and static lateral





where H is the tip height. The lateral forces can be used in one of the
many sub-fields of AFM, friction force microscopy (FFM).[119] In dy-
namic or tapping AFM applications the monitoring of a torsional eigen-
frequency could be used to probe the variation of forces parallel to the
surface.[88] The oscillation of the cantilever means that the end of the tip
sweeps a trace across the sample. Frequency shifts of the torsional eigen-
modes could also be used as independent sensors, in similar applications
to those described in chapter 3.
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Recent advances in AFM technology relating to hammerhead or T-
shaped cantilevers where the plan view area is shaped like a capital ‘T’,
fixed at the narrow end, with the tip displaced to one side at the free end.
The availability of these types of cantilevers lends a greater relevance to
the calibration of torsional modes. One use of these cantilevers is in
the ‘torsional tapping’ method[20] where the tip offset gives a tapping
effect to torsional oscillations. An advantage of such methods is that a
cantilever of relatively low flexural spring constant can be used to reduce
tip or sample damage while collecting the image with a torsional mode
with a higher spring constant and larger Q-factor.
As with the use of the flexural modes, to obtain accurate quantitative
information from torsional modes the associated spring constants must
be known. Likewise, variations of cantilever cross section and material
properties mean that individual cantilevers should be calibrated before
use.
5.2 Existing Calibration Methods
There are a range of existing methods to calculate the torsional rigidity
of microcantilevers, although there are fewer than for the flexural eigen-
modes. The calibration methods may be divided into three categories:
static, dynamic and theoretical. In the former the stationary bending of
the cantilever is monitored. The static methods all require some physi-
cal contact with the cantilever or tip and therefore involve a high risk of
damage.[51] At present, the majority of the torsional calibration methods
are static in origin. Dynamic calibration methods monitor the cantilevers
resonance frequency as a pathway to analysing the interaction of the can-
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tilever with external influences or its response to masses attached to the
cantilever. Finally, the general category of theoretical methods uses di-
mensions of the cantilever, and assumptions about its material properties
and/or finite element simulations to determine the spring constant.
5.2.1 Static Methods
The bulk of current methods for the calibration of the lateral spring con-
stant are based upon static methods. Generally they require calibration
of the detection system for the lateral cantilever deflection and have a
high risk of damaging the cantilever or tip. In some of these methods a
colloidal probe is attached to the cantilever.[51]
A range of methods monitor the static twist of the cantilever produced
as a result of a lateral force on a tip or colloidal probe. The lateral force
can be applied by moving the tip sideways into a step on a calibration
grid[120,121] or by scanning the cantilever up and down slopes of a known
angle on a calibration sample.[122–125] Similar methods exist where the
tip of the cantilever to be calibrated is brought into contact with another
calibrated cantilever which is rotated through 90 degrees with respect
to the first. Therefore a flexural deformation of the second cantilever
causes a torque and hence a torsional twist of the first cantilever.[126]
The flexural deformation of the reference cantilever is used to calculate
the force applied to the tip, and therefore the bending moment causing
the observed twist of the cantilever of interest, finally allowing calculation
of ks,t.
Other static methods apply loads to the cantilever surface. This can
be done by pressing one side of the cantilever into a hard surface and
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measuring the resulting cantilever twist,[127] particularly for hammer-
head cantilevers.[128] These methods have the advantage that they do
not require a model of the friction between the tip and the surface, un-
like many of the above, however they still involve considerable risk of
damage to the cantilever itself.
Methods to calibrate cantilevers by means of optics also exist. Whilst
these methods do not risk damage to the cantilever they are sensitive to
detector non-linearity.[129–131] Others rely on the tilting of a calibra-
tion surface, which should have the same reflectivity as the cantilever
surface.[132–134]
5.2.2 Theoretical Methods
The torsional spring constants of a cantilever may be calculated theo-
retically. Analytical equations can be used along with knowledge of the





to calculate the static torsional spring constant of a rectangular can-
tilever. G is the shear modulus of the cantilever and l, w, and t are
the dimensions of the cantilever as defined previously (see table 0.3).
However, large errors (up to 30-50%) are introduced via assumptions re-
garding the elastic constants and in the measurement of the cantilever
thickness. Analytical equations can only be used for simple geometries,
for more complicated cantilever beams finite element simulations can be
used to calculate the spring constants.[136]
Page 106 of 169 Microcantilevers: Calibration of their spring constants
and use as ultrasensitive probes of adsorbed mass
5.2.3 Dynamic Methods
The torsional Cleveland method allows for the determination of torsional
spring constants by the on-axis loading of masses to the cantilever sur-
face.[135] The torsional resonance frequency is recorded as a function of
applied mass. This method involves the possibility of causing damage to
the cantilever as several masses have to be physically placed on the can-
tilever. The major source of error is in the determination of the mass of
the (assumed) spherical masses via measurement of their radius. Errors
may also be introduced by uncertainties in the positioning of the masses
upon the cantilever. It is assumed that the cantilever is not bent by the
addition of masses.
The torsional Sader method of Green et al.[135] determines the tor-
sional spring constant of cantilevers via their interaction with a surround-
ing fluid. A ‘hydrodynamic function’ which describes how the cantilever
resonance frequency depends upon the density and viscosity of the fluid
surrounding the cantilever has to be determined. Once the hydrodynamic
function is known for a cantilever of a certain shape then all similar can-
tilevers can be calibrated. Assumptions made in the derivation mean
that the cantilever length should be much greater than its width and its
thickness.
5.2.4 Comparison of Existing Techniques for Torsional Eigenmode Cal-
ibration
Tables 5.1 and 5.2 give a summary of some of the existing torsional
calibration methods mentioned above. The tables are a modified and
abridged version of table 4 of ref.[51], which provides further detail re-
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garding each of the methods. In particular, attention is paid to the wide
range of static methods.
5.2.5 Conclusions
It is notable that the accuracy of determination of the torsional spring
constants is generally not as good as for the flexural modes. Many of
the techniques with higher accuracy involve contact between the can-
tilever or its tip and a surface, at best blunting the tip at worst incurring
more major damage. The methods which are non-destructive tend to
have the disadvantage of higher uncertainties. New calibration schemes
which have accuracies of better than 10-15% and are non-destructive are
desirable.
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5.3 Theoretical Model
The development of a new method for the calibration of the torsional
spring constants of cantilever beams using a flow of fluid from a mi-
crochannel is described in the remainder of this chapter. External forces
are applied to change the static cantilever shape, with no effect on the
free torsional movement of the cantilever (see figure 5.1).
Figure 5.1: Side view of a non-bent cantilever (a) and a cantilever bent due to applied
forces (b). The dashed lines indicate the rotational axes around which the free torsion
occurs. The axis changes along the cantilever if the cantilever is curved.
For a cantilever which has been bent from its static shape there are
two relevant effects which could change its resonance frequencies. One is
related to the change of the shape of the cantilever which can be described
mathematically as a change of the polar moment of inertia, Ip. This can
be related to a change of the oscillating energy and resonance frequency.
The second effect is thought to have its origin in the stresses induced
within the cantilever as a response to its bending. The theoretical model
which is built for prediction of the frequency shifts involves knowledge
of the torsional modeshapes. It is assumed that these eigenmodes are
negligibly affected by the bending and so those of a straight cantilever
are used.
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5.3.1 Effects Related to a Change of the Polar Moment of Inertia
Equation (2.13) is the differential equation governing the deflection angle
of a cantilever beam undergoing torsional deformation about its major
axis, which can be solved using the torsional modeshapes, unt(x). The
un-normalised torsional modal shapes are entirely determined by the ge-
ometry of the cantilever via the dependence of the shear modulus G,
geometric function K, polar moment of inertia Ip and density ρc on x,
but not by their absolute values. If the modeshape amplitude can be
normalised such that it describes the modal energy of a real cantilever
then its spring constants at a certain point, e.g. the free end at x = l,





When the cantilever’s equilibrium position deviates from the straight
shape and is flexurally curved the polar moment of inertia changes since
the rotational axes no longer coincide with the centre of the cantilever’s
cross section for all coordinates x along the cantilever length, as depicted
by the dashed line in figure 5.1(b). As a consequence, the rotational fre-
quency decreases. The decrease is determined by the polar moment Ip(x)
which itself depends upon the new equilibrium shape of the cantilever.
The torsional deflection modes unt(x) however are almost unaffected
if the flexural deflection of the cantilever is small (i.e. if the radius of
curvature of the bent cantilever at each coordinate x is large compared
to the length of the cantilever).
The change in the polar moment of inertia can be described mathe-
matically using the parallel axis theorem to obtain the moment of inertia
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of the bent beam as[137]
Ip,bent(x) = Ip0(x) + ∆Ip(x) (5.4)
where Ip0(x) is the polar moment of inertia for the unbent cantilever and
∆Ip(x) = w(x)t(x)Ξ
2(x) (5.5)
is the change in polar moment of inertia due to the bending. Ξ(x) is
the static deflection of the cantilever as a function of position along its
length. The intrinsic torque of each mode can be expressed as Tnt(x) =

























the latter equality being as a result of the eigenmode normalisation (see
section 2.5). If a cantilever is then bent by an external force, the polar
moment of inertia changes as described by equation (5.4) and the res-
onance frequency may change to ωnt. However the oscillation energy of
each mode remains constant, likewise the eigenmode shapes unt(x) are un-
changed if the deflection is small. Hence, the energy of a bent cantilever
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Since the oscillation energy is unchanged in the bending, equations (5.7)










Strictly speaking the orientation of the axis of rotation also changes
along the length of the cantilever, an effect that is not accounted for in
equation (5.5) but can be included by the introduction of a rotational
axis at x which is tangent to the bent shape, then replacing Ξ(x) with a
function which describes the difference between tangential axis and the
vertical position of the cantilever at each x further along the cantilever
towards its free end.
5.3.2 Effects Related to Bending Induced Stress
When a body is bent from one shape to another stresses and strains are
introduced within the body to balance the forces used to bend it. In












which is usually considered appropriate for small deformations. xi is one
of the three principle components x, y, and z, ui is the displacement
vector, and the Einstein summation convention is applied. However,


















The deformation followed by rotation of a thin rod is one case where the
product term cannot be ignored,[62] indicating that the latter expression
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should be used here.
Our theoretical description of cantilevers using strain related treat-
ments is still under development. Hence no equation showing relationship
between the bending induced strains and the frequency shifts is ventured
here.
5.4 Experimental Setup
Experiments were performed with a commercial AFM Explorer system
(ThermoMicroscopes, Sunnyvale, CA, USA). A homemade smooth par-
allel plate microchannel fixed on the sample stage of the AFM was po-
sitioned such that fluid flow from its exit interacted with the cantilever
as illustrated in figure 5.2. Pressure differences, ∆p, were applied to the
Figure 5.2: Schematic side view of the microchannel with Poiseuille profile of the fluid
and a cantilever which is bent due to forces exerted by the fluid.
microchannel to drive the flow, establishing stable Poiseuille velocity pro-
files.[43] Nitrogen gas was used as the working fluid due to its low cost,
high purity and well known properties. The microchannel used for all
experiments was 100 µm high and 3.5 mm long.
The cantilever was placed above the microchannel such that fluid es-
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caping from the exit of the microchannel hits (part of) the plan view
area of the cantilever causing a deflection (see figure 5.2). The forces
applied to the cantilever by the fluid flow cause a static flexural bending
of the cantilever. The bending is sufficient to change the polar moment of
inertia of the cantilever and create a stress distribution within it. Its tor-
sional resonance frequencies, which are easily monitored, are altered. The
forces experienced by the cantilever depend on the setup. The forces can
be accurately determined for example via computational fluid dynamics
simulation (section 5.5.2).
The maximum pressure applied to the channel in our experiments
was ≈2.5 kPa causing a velocity of nitrogen in the channel mid-line of
about 50 m/s.[86] The highest Reynolds number for our setup did not
exceed 120. In combination with the Knudsen number in the channel,
which is about 0.0005, this Reynolds number corresponds to the laminar
regime of incompressible flow.[110] The smallest radius of curvature oc-
curs at the fixed end for the highest applied force and was around 100 m
in our experiment; the deflection at the free end was then around 6 µm.
To test the method several commercially available tipless rectangular
silicon cantilevers (130-350 µm nominal length, 1 and 2 µm thickness,
0.03-0.6 N/m nominal spring constant, Al backside coating, R-C to R-F,
Mikromasch[47] and 442 µm nominal length, 0.12 N/m nominal spring
constant, FCL-5A, AppNano[138]) and a V-shaped silicon nitride can-
tilever (205 µm nominal length, 0.06 N/m nominal spring constant, Au
backside coating, V-D, SNL, Bruker[76]) were investigated. All rectan-
gular cantilevers from Mikromash had a nominal width of 35 ± 3 µm, the
AppNano cantilever had a nominal width of 32 µm, and cantilever V-D
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had a nominal leg width of 20 ± 5 µm.
The plan view dimensions of all microcantilevers were determined with
an Olympus optical microscope for use in conjunction with the Sader
method.
Power spectral densities of thermal noise spectra were recorded with
an external interface with an accessible frequency range of ≈700 kHz (Na-
tional Instruments, USB-6251) as a function of fluid velocity. Resonance
frequency values, Q-factors, and peak areas for each mode were moni-
tored during measurement with a homewritten LabVIEWTM routine by
fitting Lorentzian curves to the resonance peaks similar to the procedure
described in ref.[78]. All resonance frequencies were monitored simulta-
neously. The resonant frequency values are based on the average of 50
individual spectra.
Two slightly different variations of the relative cantilever-channel ge-
ometry were used as follows.
5.4.1 Geometry g1
In this geometry the long axis of the cantilever was aligned with the
channel width and positioned so as to coincide with the centre of the
channel height, see figure 5.3(a). In all tests with this geometry the
fixed end of the cantilever was chosen to correspond with the side of the
microchannel and the whole of the cantilever plan view area was exposed
to fluid flow.
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Figure 5.3: Plan view of the cantilever and channel in the two variations of the per-
pendicular flow setup, geometry g1 (a) and geometry g2 (b). The flow of fluid from
the microchannel exit is out of the plane of the page.
5.4.2 Geometry g2
In geometry g2 the long axis of the cantilever coincides with the channel
height, all of the cantilevers tested were longer than 100 µm (the channel
height) and so only part of the cantilever was directly exposed to the
flow from the channel. Figure 5.3(b) defines the geometry and the offset
between the free end of the cantilever and edge of the channel. In most
of the tests an offset of zero was used. In the following data an offset of
zero should be assumed unless otherwise specified.
Due to less of the cantilever being hit by the flow than in geometry
g1, a larger pressure range was available for a given range of deflections
thereby reducing any errors associated with the pressure sensor. Also,
it was easier to align the free end of the cantilever with the edge of
the channel than to accurately position the cantilever in geometry g1.
Therefore this setup was used in the majority of experiments.
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5.5 Simulations
The path of fluid flow from the channel and around the cantilever was sim-
ulated using Elmer.[55] Meshes required in the simulations were created
with Gmsh.[56] The mesh independence of the results was confirmed by
further mesh refinement. The forces applied to the cantilever by the fluid
were also calculated. From the forces the static bending of the cantilever
can be calculated. With a suitable theoretical treatment, the cantilever
deflection can be used to predict resonance frequency shifts. Note that
the forces calculated for a static cantilever are sufficient. The relevant
data and results are outlined here, further details of the simulations and
meshes are given in appendix A.
5.5.1 Simulations for Geometry g1
Figure 5.4 shows a simulation of the flow pattern around a 350 µm long
rectangular cantilever in geometry g1. As the width of the channel is
Figure 5.4: Two-Dimensional slices through a three-dimensional simulation of the fluid
flow around a rectangular cantilever in geometry g1.
aligned with the cantilever’s long axis, the whole of the cantilever is hit
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by the flow. As shown in figure 5.4, the flow profile is similar over the
majority of the cantilever. The presence of the chip has only a small
effect since the end of the chip is aligned with the edge of the channel
and thus does not occlude the exit. The free end has a slightly different
profile as the fluid can flow around both the sides and the free end. For
this reason the forces are slightly larger at the free end than at the fixed.
5.5.2 Simulations for Geometry g2
Figure 5.5 shows a simulation of the flow pattern around a 350 µm long
rectangular cantilever for zero offset and altitude of 50 µm above the exit
in geometry g2. The associated forces parallel and perpendicular to the
cantilever are shown in figure 5.6. It is the forces, Fy in the y-direction
Figure 5.5: Simulated fluid flow around a rectangular cantilever in geometry g2. Two-
dimensional slices of the three-dimensional simulation are shown, slice along the x-axis
(a) and slice across the cantilever (b).
which act to bend the cantilever into its new shape. The frequency shifts
induced by any flow along the cantilever length (via Fx and calculations
similar to those of chapter 4) are negligible, particularly as the positive
and negative forces Fx counteract each other as demonstrated pictorially
in figure 5.6.
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Figure 5.6: Forces applied to the cantilever in the y and x directions in the perpendic-
ular fluid flow setup as a function of position along the cantilever length. Traces for
three speeds: 2 m/s (‘+’), 6 m/s (‘◦’), 10 m/s (‘×’) and two rectangular cantilevers:
the 350 µm long R-E (black dots) and the 250 µm long R-F (red dashes).
Note that the force profiles in figure 5.6 are shown for two rectangular
cantilevers of different lengths. Since the forces are zero towards the fixed
end of the cantilever, the force profile for the shorter cantilever (R-F)
can simply be shifted such that it begins at x ≈ 0.3, then the free ends of
both cantilevers coincide. The profiles match one another and it seems
that one force profile can be used for all rectangular cantilevers in this
geometry.
The forces (figure 5.6(a)) from the simulations of fluid flow were used
in suitable theoretical models (described in section 5.3.1) to predict the
torsional frequency shifts (section 5.6). The forces may also be used in
further simulations to calculate the expected deflection, along with the
modeshape and resonance frequency of a bent cantilever. Simulations
of a deflected cantilever show that the eigenmodes are unaffected for all
of the deflections encountered. One modal shape of a bent cantilever is
shown in figure 5.7. The simulated modeshape shown in figure 5.7 for
Microcantilevers: Calibration of their spring constants
and use as ultrasensitive probes of adsorbed mass
Page 121 of 169
Figure 5.7: Simulated modeshapes of the first torsional mode of a straight (dashed line)
and a bent (dotted line) rectangular cantilever and the theoretical modeshape (solid
line) from equation (2.15). The modeshape for the bent cantilever has been shifted up
the y-axis for sake of clarity. It coincides with the modeshape of the simulated straight
cantilever.
the bent cantilever has a static deflection of around 6 µm at the free end.
The figure also shows that the simulated modeshape differs slightly from
the theoretical one around the fixed end of the cantilever. Figure 5.8
shows results of a simulation where the forces of figure 5.6 were used
as boundary conditions to bend the cantilever into new static shapes,
this was followed by eigenmode analysis to obtain the predicted mode
shapes and resonance frequencies. The simulated bending is in line with
that from theoretical calculations based on the forces. The predicted
frequency shifts of the torsional eigenmodes as displayed in figure 5.8
show a variety of behaviours. For the 1 µm thick rectangular cantilever
R-E the frequency of the first torsional mode decreases with bending, as
expected for effects dominated by changes of the polar moment of inertia.
However, the second and third modes show positive frequency shifts,
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Figure 5.8: Simulated bending and frequency shifts of the first three torsional modes
of a 1 µm (a) and 2 µm (b) cantilevers R-E. The frequency shifts have been scaled by
assumed material properties for an ideal silicon cantilever.[59]
possibly due to the distribution of the bending-induced stress within
the cantilever. A 2 µm thick cantilever R-E is predicted to show quite
different behaviour, only the third torsional mode displays a negative
frequency shift. In this case the positive frequency shifts of the first two
torsional modes indicate that they may be dominated by stress-strain
related effects.
The total stress distribution at any position in a structure is given by
the von Mises stress.[139] Figure 5.9 shows the von Mises stress distribu-
tion throughout a bent cantilever. It is zero on the cantilever centre line
(the neutral plane) and increases to the top and bottom surfaces of the
cantilever. The stress is highest near the fixed end as this is the position
where the bent cantilever has the greatest curvature.
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Figure 5.9: von Mises stress, given by the colour scale, within a bent 1 µm thick
cantilever R-E. Materials properties of a silicon cantilever have been assumed.[59]
5.5.3 Simulation of a V-Shaped Cantilever in Geometry g2
The same process as for the rectangular cantilevers can be executed for
the V-shaped cantilever to obtain its predicted frequency shifts from
simulation. The fluidic forces were calculated and used to bend the can-
tilever and determine its eigenmodes and eigenfrequencies. Again, the
modeshapes are unchanged by the deflection and the simulated frequency
shifts are shown in figure 5.10. Positive frequency shifts, increasing in
magnitude with fluid speed are predicted for all of the torsional modes.
The frequency shifts of the two flapping modes have also been included
in figure 5.10. The predicted frequency shifts are positive and certainly
of a measurable, significant magnitude.
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Figure 5.10: Simulation of the frequency shifts of a V-shaped cantilever (V-D) bent
by fluidic forces. Data shown relates to the first three torsional modes and the two
flapping modes. The frequency shifts have been scaled by assumed material properties
for an ideal silicon nitride cantilever.[59]
5.5.4 Transient Simulations
The experimental setup, where a structure blocks part of a flow from a
channel, is reminiscent of the classic fluid dynamical problem known as
the von Ka´rma´n Vortex Street, as depicted in figure 5.11. The Reynolds
number for this example is around 100, the critical value for the onset of
the vortices being around 90. Vortices are shed from alternate sides of
the structure (a 2-D projection of a cylinder) at this Reynolds number.
For higher Re the vortices become more pronounced before becoming
fully chaotic.
Transient simulations of our setup were executed with Elmer to asses
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Figure 5.11: Simulation showing von Ka´rma´n vortices evident in flow around a cylin-
der.
whether transition to turbulence or structures similar to the von Ka´rma´n
vortex street were important. The highest Reynolds number used exper-
imentally was around 120, larger than that in the example in figure 5.11.
However, simulations of the experimental setup at these Reynolds num-
bers did not provide any evidence of vortices or turbulence. Simulation
of higher speeds (20 m/s or more) did occasionally show some turbulence,
but not repeatedly so. It must be noted that turbulence and the tran-
sition to turbulence is considered to be one of the weaknesses of Elmer.
Simulation with different software packages and fully coupled (dynamic
fluid-structure interaction) calculations might provide more accurate in-
formation.
5.6 Experimental Results
Several cantilevers were tested using both geometry g1 and g2. Only the
first torsional mode was accessible for all rectangular cantilevers due to
limitations on the maximum sample frequency of the experimental setup.
The first three torsional modes of a V-shaped cantilever were observed.
The plan view dimensions of the cantilevers were determined using
optical microscopy, and were generally similar to those shown in table 4.3.
Individual values are quoted below where quantification is required.
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5.6.1 Geometry g1, Rectangular Cantilevers
Figure 5.12(a) shows the torsional resonance frequency spectrum of a
1 µm thick rectangular cantilever R-E. The frequency shift of the fun-
Figure 5.12: Resonance frequency curves of the first torsional mode of two rectangular
cantilevers. The curves are for the resonance with no flow of a cantilever which is
1 µm thick (a) and a 2 µm thick cantilever which has been bent by fluid flow (b). Both
cantilevers are nominally 350 µm long and 35 µm wide.
damental torsional mode of this cantilever in geometry g1 is shown in
figure 5.13. The resonance frequency decreases as the cantilever is bent
by increasing flow speed. The negative frequency shift is consistent with
a change of the moment of inertia effect.
5.6.2 Geometry g2, Rectangular Cantilevers
Rectangular Cantilevers where the Frequency Shift is Predominantly
due to Changes of the Moment of Inertia
Figure 5.14 shows the frequency shift of the first torsional resonance
frequency for a rectangular cantilever (nominal length 350 µm, width
35 µm, thickness 1 µm; measured length 339 µm, width 31 µm) depending
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Figure 5.13: Frequency shift of the first torsional mode of a rectangular cantilever
(R-E: t=1 µm, w=35 µm and l=350 µm) in the perpendicular geometry g1. The
resonance frequency spectrum at zero flow velocity for this cantilever is shown in fig-
ure 5.12(a).
on the speed of the fluid escaping from a microchannel together with a
fit of the shifts predicted by equation (5.11) using the simulated forces.
The channel width was oriented parallel to the cantilever length and the
cantilever was 50 µm above the channel exit (as depicted in figure 5.3(b)).
The flexural rigidity of the cantilever was determined independently
beforehand to be 0.0434 ± 0.0020 N/m by the method described in chap-
ter 4. The forces exerted by the fluid were determined by simulation.
The experimental frequency shifts (displayed in figure 5.14) show the
same trend and have similar magnitude to those predicted by the simu-
lation, figure 5.8.
Assuming that the observed frequency shift is entirely the result of a
change of the moment of inertia, a single parameter (B in equation (2.15))
was fitted such that the theoretical frequency shifts match those observed
in the experiment. This corresponds to a normalization of the eigenmode
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Figure 5.14: Experimentally obtained torsional shifts ∆(f21 ) (dashed line) and fitted
calculated shifts (solid line) for rectangular cantilever R-E (1 µm thickness). The
deflection of the free end of the cantilever is around 7 µm for the highest speed in the
figure.
function as in equation (2.17). With this normalized function, unt, the
torsional spring constants knt for a torque applied at the free end of the
cantilever are obtained from equation (5.3). This procedure resulted in
a fundamental torsional spring constant of k1t=2.2×10−9 Nm. The Sader
method[111] gives for the same cantilever a value of k1t=2.3×10−9 Nm
(using l=339 µm, w=31 µm, f1t=248.102 kHz, Q=160).
Variation in ∆(f 21t) with Offset Figure 5.15 shows the effect of
changing the offset of the free end of the cantilever relative to the edge of
the microchannel. For an offset of -50 µm the free end of the cantilever
coincides with the centre of the channel. The deflection reported in the
figure is a normalised change of photodetector signal. This is related
to the angle of the cantilever at the position of the laser spot (close to
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the free end) and is assumed to represent the static deflection of the
cantilever. From figure 5.15 it is clear that the static deflection and
frequency shift are closely linked as expected.
Figure 5.15: Effect of changing the offset on the obtained frequency shifts (a) and
deflection (b) of a nominally 1 µm thick rectangular cantilever R-E. The change of
the deflection in (b) is around 2 µm at the cantilever free end.
Rectangular Cantilevers where the Frequency Shift is Positive
Rectangular cantilevers with larger spring constants show positive
frequency shifts which possibly relate to bending induced stresses and
strains. Figure 5.12(b) shows the resonance frequency spectrum for a
2 µm thick cantilever R-E in a bent state. The spectrum remains sym-
metrical and the Q-factor was not altered significantly due to the bend-
ing. Figure 5.16(a) shows the frequency shifts for two cantilevers of 2 µm
thickness. The only difference between R-E in this figure and that in
figure 5.14 is that it has twice the thickness and therefore a factor of 8
greater spring constant. However, the frequency shifts show a different
sign, as was predicted by the simulations of section 5.5.2. The magnitude
of the static bending is reduced (relative to the 1 µm thick cantilever)
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Figure 5.16: Stress dominated frequency shifts as observed for nominally 2 µm thick
cantilevers. The two traces for the shifts associated with 2 µm thick R-E are two
different cantilevers and thus show different absolute frequency shifts. The resonance
frequency spectrum corresponding to the largest frequency shift of cantilever R-E 2 µm
in (b) is shown in figure 5.12(b).
due to the larger spring constant, the maximum deflection of the 2 µm
thick cantilever R-E in figure 5.16(a) was around 2 µm for the point at
≈45 m/s.
Figure 5.16(b) shows the frequency shifts for cantilever FCL-5A (nom-
inally t=2 µm, w=32 µm, and l=440 µm) alongside a second 2 µm thick
R-E. Both of these cantilevers show positive frequency shifts but the
magnitude for R-E is around half that of the cantilever in figure 5.16(a).
The cantilever FCL-5A shows a large range of velocities (2-10 m/s) where
the shift does not change but the static deflection increases throughout.
This points to two competing effects.
5.6.3 Geometry g2, V-shaped Cantilevers
Frequency shifts have been measured for the first three torsional eigen-
modes of V-shaped cantilever V-D in geometry g2. Figure 5.17 shows
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their resonance peaks. The frequency shifts of the first three torsional
Figure 5.17: The first three torsional resonance frequency spectra of cantilever V-D.
modes are displayed in figure 5.18. The shifts here show a more compli-
cated relationship with the static deflection and velocity than predicted
by the simulations. The first torsional resonance frequency shift increased
linearly with velocity. Meanwhile the second and third frequency shifts
change sign through the velocity range.
5.7 Discussion
5.7.1 Geometry g1, Rectangular Cantilevers
The results for the 1 µm thick cantilever R-E tested in geometry g1 show
that the frequency shifts are dominated by effects relating to a change of
the moment of inertia. Nonetheless, the obtained ∆(f 21t) is likely to have
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Figure 5.18: Frequency shifts of the first three torsional modes of cantilever V-D.
been affected by (as yet un-quantified) bending induced strain effects.
5.7.2 Geometry g2, Rectangular Cantilevers
The geometry g2 has been used over geometry g1 in the majority of the
experimental work due to accurate positioning being easier to execute.
Furthermore geometry g2 is preferred due to the availability of a wider
pressure range on account of smaller cantilever surface area being exposed
to the flow. Therefore the cantilever experiences lower forces and less
deflection for a given fluid velocity.
Figure 5.7 confirms that the eigenmode shape of an unbent cantilever
can be used in all calculations involving bent cantilevers. There is, how-
ever, a difference between the theoretical and simulated modeshape at
the fixed end of the cantilever. Presumably this accounts for some of
the difference between the fundamental torsional resonance frequency as
determined analytically using equation (2.16), f1t=189.001 kHz, and that
from the FEA simulation, f1t=234.543 kHz.
As a demonstration of the method the fundamental torsional spring
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constant was calculated for a 1 µm thick cantilever R-E assuming that the
frequency shift was purely due to moment of inertia effects. The result-
ing value for k1t was remarkably close to that determined from the Sader
method. There is likely to be a contribution to the shift from the unquan-
tified effects which produce positive frequency shifts of some cantilevers
which was not accounted for in the calculation of the spring constant.
It is serendipitous that the values of k1t from the two different methods
exhibit such good agreement. It should be noted that the uncertainties
associated with the torsional Sader method have not been reported, but
it would be surprising if they were smaller than the 10-20% error quoted
for the related flexural method. Likewise the experimental error in the
value derived using the method described here is unlikely to be less than
10% at present. Through comparison of the simulated frequency shifts
(figure 5.8(a)) and experimental shifts (figure 5.14) it is clear that the
experimental positioning was accurate and that the simulated shifts are
relevant. The trend of ∆(f 21t) with increasing velocity, along with the mag-
nitude of the shifts, show that the simulated and experimental results are
in reasonable agreement.
The bending forces applied to the cantilever are very similar for a
range of altitudes above the exit of the microchannel of between 45 and
60 µm, figure 5.19. This means that the frequency shifts and any calibra-
tion scheme based on the method is insensitive to an inaccuracy in the
positioning of the cantilever in this direction.
The sensitivity to error in positioning of the free end of the cantilever
relative to the edge of the channel (the ‘offset’) is demonstrated in fig-
ure 5.15. The figure shows that the static bending and frequency shift
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Figure 5.19: Effect of error in height above channel in the simulation of the forces
applied to the cantilever in geometry g2.
are relatively insensitive around the relative offset of 30 µm in the figure.
This offset should therefore be the one which is used in applications of
the method. Figure 5.15 also confirms that the cantilever deflection and
torsional resonance frequency are linked. As the deflection increases the
magnitude of ∆(f 21t) does likewise.
The simulated and experimentally obtained frequency shifts for the
2 µm thick cantilevers show reasonable agreement. The simulations in-
clude the effect of the stress in bending, unlike the analytical calculations
which, currently, only account for effects relating to changes of Ip (sec-
tion 5.3.1). Frequency shifts associated with a ∆Ip can only be positive if
a cantilever is initially bent and is deflected to an unbent shape. If such
an operation were carried out experimentally then the rate of change of
frequency shift with speed would decrease, i.e. the gradient of the curve
in figure 5.16 (for example) would decrease with increasing fluid velocity,
which has not been observed experimentally.
The positive frequency shifts can only be explained if there is a sec-
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ond effect competing with ∆Ip. The simulations of the eigenmodes of
the deflected cantilever with stress capture this effect. If a curved can-
tilever (therefore having no stress) is simulated then no positive shift
is obtained, only a negative one due to the change in Ip relative to a
straight cantilever. This points to the second effect being related to the
stress created in bending a cantilever. As described in section 5.3.2 the
effect cannot be linear as this would have no effect on the energy of the
oscillations and therefore the cross term in equation (5.13) is required,
which complicates matters. The requirement for higher order terms was
confirmed by simulation with Comsol Multiphysics,[140] where the fre-
quencies could be calculated with and without the higher order terms.
The relationship of strain effects to the energy of oscillation and there-
fore the frequency shift has a strong dependence on the thickness of the
cantilever. Though the thickness dependence is accentuated by the fact
that the flexural spring constant of the thicker cantilevers is larger and
therefore the static bending (and related Ip effect) is smaller.
The experimental setup is similar to the geometry typically used to
demonstrate the von Ka´rma´n vortex street. It is therefore relevant to
execute transient simulations of the experimental geometry to observe
whether vortices, or turbulent areas, are expected to form. No such
structures were observed for experimentally relevant flow speeds, though
it is worth noting that the transition to turbulence is still an area where
computational simulation poorly replicates the real-world behaviour. Ex-
perimentally, no evidence of turbulence in the flow around the cantilever
was observed. Signatures of turbulence or vortex formation could include
increases in the oscillation amplitude of the modes, loss of some of the
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resonance peaks, or unstable static deflections. It seems reasonable to
assume that vortex formation in the wake of the cantilever is insignificant
for the geometries and flow velocities tested.
5.7.3 Geometry g2, V-Shaped Cantilevers
The simulated frequency shifts for the torsional modes of a V-shaped can-
tilever show a parabolic increase with fluid velocity (figure 5.10). While
the experimental results (figure 5.18) also show a positive shift there ap-
pears more detail than in the simulated shifts. The experimental ∆(f 21t)
appears linear with velocity while there is a small negative shift for the
second and third torsional eigenmodes. The discrepancy could be related
to the simulation of an ideal V-shaped cantilever and also, particularly
in the case of ∆(f 23t), due to desorption of water from the surface of the
cantilever as dry nitrogen from the channel replaces humid air around
the cantilever.[21] It is reasonable to expect that the torsional frequency
shifts of V-shaped cantilevers consist of the competing moment of inertia
and stress related effects as observed for rectangular cantilevers.
This method could also provide a pathway for the calibration of the
flapping modes of the legs of V-shaped cantilevers. Figure 5.10 pre-
dicts that the perpendicular flow-induced bending will induce measur-
able frequency shifts of the two flapping modes. Unfortunately they
have not been measured experimentally as the resonance frequencies of
these modes are too high for use with the current experimental setup.
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5.7.4 Higher Torsional Modes
In a similar manner to the method described in chapter 4 for flexural
modes, the calibration of the fundamental torsional eigenmode can be
extended to all torsional eigenmodes. The shapes of the eigenmodes must
be known, which is easy to determine for rectangular cantilevers and are
shown in figure 2.6. Finite element simulation of the eigenfrequencies
suggests that the static bending will induce measurable frequency shifts
of the higher modes. Unfortunately, for all rectangular cantilevers tested,
the second torsional mode was of a higher frequency than accessible using
the current experimental setup.
Frequency shifts have been observed for second and third torsional
modes of a V-shaped cantilever. However, the determination of the tor-
sional eigenmode shapes for such cantilevers is not straightforward and
most calculations involve approximations where the two legs are discon-
nected or where they are essentially joined along their length to form
an effective rectangular cantilever.[61] Such treatments are acceptable in
flexural deformations but may result in errors for the torsional modes.
One can turn to FEA simulations, as in figure 2.9, which show that the
torsional deflection might have to be described by functions not only of
the position along the cantilever, but also across it. Without a simple,
accurate model of the eigenmode shape the experimentally observed tor-
sional frequency shifts cannot be used to calibrate the torsional spring
constants of V-shaped cantilevers.
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5.8 Further Work
The most important outstanding aspect of this work is in the quantifica-
tion of the effect of bending induced strain within the microcantilevers. It
seems that the effect causes a positive frequency shift and the importance
of the effect increases with the cantilever spring constant. Non-linear,
higher order mixed terms of the strain tensor appear to be required to
adequately describe the experimental situation, confirmed by simulation
with and without these terms with Elmer and Comsol Multiphysics.
The principle of the method has been shown in the calibration of the
fundamental torsional spring constant of a rectangular cantilever. Given
a cantilever with a lower spring constant where the higher modes can be
measured experimentally then their spring constants may be determined
using the method.
The spring constants of the torsional modes of V-shaped cantilevers
have not been quantified in this document. The torsional eigenmode
shapes must first be calculated, probably by simulation. Once the forces
are quantified the spring constants can be calculated in the scheme de-
scribed above. Frequency shifts of the flapping mode (section 2.4.3) of
the legs of a V-shaped cantilever have not been observed experimentally,
but are predicted to show measurable frequency shifts. Calibration of
this mode might be interesting for sensor technologies, but probably not
for AFM applications as this mode results in no movement of a tip placed
in the conventional position.
The combination of the methods for calibrating both the flexural (as
described in chapter 4) and torsional eigenmodes (this chapter) could be
used concurrently to calibrate the spring constants of hammerhead (or
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T-shaped) cantilevers, an application where both types of oscillation are
used.
One final application of the technique could be in the determination
of the shear modulus, G. If the geometry and in particular the thickness
are accurately known, therefore K is calculable and the shear modulus
could be determined with high accuracy for any resonator. The torsional






where u′nt(x) denotes the derivative of the normalised eigenmodeshape
with respect to x. u′nt(x) can be normalised by comparison between the
simulated shifts using not normalised modeshapes with the applied forces
and the experimentally obtained frequency shifts. This could be of in-
terest as the materials properties of very small structures can vary from
that of the bulk,[37, 141–143] but methods to quantify the variation are
limited.
5.9 Conclusions
A method with the potential to be used in the calibration of all of the tor-
sional eigenmodes of microcantilevers has been described in this chapter.
The method involves a static bending of the cantilever whilst monitoring
its resonance frequencies. A flow of fluid bends the cantilever and there-
fore there is no risk of damage to tip, cantilever or any coating upon its
surface. Two competing effects are the origin of changes of the torsional
resonance frequencies. One relates to the change of the polar moment of
inertia as a straight beam becomes curved. The second effect of relevance
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to the frequency shifts is thought to be the bending induced stresses and
strains and their influence on the oscillation energy of the beam.
Preliminary results have been shown, for a full understanding and
quantitative calibration of the torsional spring constants of all cantilevers
the effects causing the positive frequency shifts must be understood. At-
tempts to quantify the effect of the stress on the torsional resonance
frequencies are ongoing. Once this effect is quantified then the method
can be used to simultaneously calibrate the torsional spring constants of
rectangular cantilevers.
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6 Conclusions
The importance of the higher flexural modes of microcantilever sensors
has been shown by the demonstration of their increased sensitivity to
adsorbed mass. For the unmodified rectangular cantilever of chapter 3
the fourth flexural mode showed a sensitivity of almost twenty times that
of the fundamental mode.[21] Such sensitivity increases allow larger can-
tilevers operated in higher modes to detect the ultrasmall forces which
only smaller probes have previously sensed.[45] The sensitivity of any
cantilever may be enhanced by operation in a higher flexural mode. The
implementation of the higher modes in chapter 3 reinforces the findings
of several other studies which point to the potential of the higher eigen-
modes.[8, 22–25]
All of the existing calibration schemes (as outlined in section 4.2) were
developed with the aim of the calibration of the fundamental flexural
mode. Very few of the methods can be extended to the higher eigen-
modes. Armed with the knowledge that the higher flexural modes can
have enhanced sensitivities a method was developed with which to cali-
brate all flexural modes of microcantilever sensors. Chapter 4 describes
the method. It is swift, as it can calibrate multiple flexural modes simul-
taneously, and involves no requirement for contact of the microcantilever
or tip with a hard surface. Therefore it is ideal for AFM cantilevers with
ultrasharp tips or for cantilevers which have been modified with a sensi-
tive coating. The accuracy of the derived spring constant for any mode
using this technique is comparable to that derived for the fundamental
mode by many of the existing methods.
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Every experimental technique has its disadvantages. In the method
described for the calibration of the flexural eigenmodes the primary weak-
nesses are in the cantilever positioning and the need for the simulation
of the forces for a given position. In mitigation, only the positioning of
the cantilever relative to the channel height is of importance. The forces
applied to the cantilever are insensitive to changes of several tens of mi-
crometres in the distance from the exit of the channel. Likewise, the
relative angle between cantilever and channel may vary through several
degrees with little effect on the forces. However, for the simulated forces
to be relevant to the experimental execution the position relative to the
channel height must be set to within around five micrometres. Similarly
the positioning of the cantilever relative to the channel exit is the most
important action in executing the method for the calibration of the tor-
sional spring constants. Again, changes of the angle of the cantilever and
the distance from the microchannel exit are relatively unimportant.
It is envisaged that in any application of the calibration methods the
apparatus could be engineered such that the positioning in the most
critical direction is the most accurate. The other directions and the angles
can be allowed larger tolerances. The microchannel must be rotated by
90 ◦ between the setups for torsional and flexural calibration. A single
channel which may be mounted in either geometry would be easy to
produce, though in this study two different channels were used.
The simultaneous calibration of both the flexural and torsional modes
could be possible. An angle between cantilever and channel where the
cantilever is bent sufficiently for torsional frequency shifts, but where
the flow does not affect the flexural eigenmodes would be required. No
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investigation into this possibility has been made but the required angle
between cantilever and channel long axes may be in the 5-20 ◦ range.
Lower angles favouring accuracy in the calibration of the flexural spring
constants and higher favouring the torsional calibration. Simulations
could be executed to determine the angle giving the best compromise.
One application of particular interest for a combined flexural-torsional
calibration is in the use of hammerhead, or T-shaped, cantilevers. These
cantilevers have an off-axis tip, thus torsional modes contribute an en-
hanced proportion of the total tip movement (over cantilevers with on-
axis tips).
Whilst this work has shown that the higher flexural modes can have a
greater sensitivity to external influences no work has been completed to
prove that the same is true for the higher torsional modes. These modes
were not accessible with the existing experimental setup for any of the
rectangular cantilevers tested. Cantilevers with lower torsional spring
constants would have to be used to gain access to the higher modes.
While AFM images have been collected using the higher flexural eigen-
modes of rectangular cantilevers[23–25] the spring constant of the higher
mode was only inferred from that of the fundamental mode and the ra-
tio of the resonance frequencies. Meanwhile, the spring constant of the
second flexural mode has been calibrated using the Sader method and a
modified thermal noise method.[49] However, no study exists where the
spring constants of the higher flexural modes have been calibrated and
then used for the collection of an AFM image. It would be interesting
to calibrate all modes of a microcantilever and to compare the data ob-
tained, for example plots of sample elasticity, from scanning a surface
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using each of the different eigenmodes.
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A Details of the Simulation Process
For the vast majority of simulations meshes were created using Gmsh.[56]
The meshes were then imported and used in simulations in Elmer,[55] an
open source multiphysics software package.
A.1 Gmsh
Gmsh version 2.4.2[56] was used for most meshes, which were refined and
optimised using the netgen algorithm. Figures A.1 and A.2 show a mesh
created in this manner and is typical of the majority of the executed sim-
ulations and the data presented throughout this document. Figure A.1(a)
shows the surface mesh over the entire geometry, it is finer on the can-
tilever surface (as shown in the zoomed figure A.1(b)) and rougher on
the larger boundaries.
Gmsh V2.6.0 was also used to customise areas of very fine mesh ac-
cording to interests, V2.4.2 has bugs in this part of the program. The
most important use of V2.6.0 was in the addition of a ‘box’ where a dif-
ferent characteristic mesh length could be requested, for example around
the cantilever. The following show the additions to the geometry (.geo)
file needed to create a finer mesh within the three-dimensional volume
defined by XMin, XMax, YMin, YMax, and ZMin, ZMax:
cl1 = 0.000053;
Point(1) = {0, 50e-006, 0, cl1};
Point(2) = {0, 50e-006, 245e-6, cl1};
.
.
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Figure A.1: Image from Gmsh showing a typical surface mesh over the entire geometry
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Background Field = 1;
‘cl’ is a term describing the characteristic length and must match the
quantity ‘Field[1].VOut’. The characteristic length within the box is de-
fined by ‘Field[1].VIn’. The ‘Field[1]’ commands come at the end of the
file. Comparison of figures A.2 and A.3 show the effect of using a box
(with the commands above) to shorten the characteristic length of ele-
ments around the cantilever.
To obtain the variation of fluidic forces along the cantilever, it was
divided into several sections, as can be seen in figure A.1. Elmer was
used to calculate the force on each of the sections.
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Figure A.3: Image from Gmsh showing a 3-D mesh slice through one of the finer
simulations, such as used in the production of data in figure 4.20. The ‘box’ field
command has been used to refine the mesh in the vicinity of the cantilever.
A.2 Elmer
The simulations themselves were executed using the multiphysics, open
source FEA software package Elmer.[55] Version 7.0 in a variety of dif-
ferent revisions (rev.5790 to rev.5817) was used. The documentation for
Elmer does not reflect the possibilities of the software, and is certainly
not up to date. The following is a summary of some of the actions which
can be made to achieve successful convergence of the simulations, fol-
lowed by specifics relating to each type of simulation carried out and a
brief description of test problems.
The meshes (saved in .msh format) produced by Gmsh were used in
Elmer. Elmer uses the mesh file and a series of commands in the solver
input file (.sif) to run the simulations. The sif file contains commands
relating to each solver and each mesh along with materials properties
and boundary conditions. In each solver section there are a variety of
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parameters that can be altered to assist with convergence of the iterative
process of the simulation:
• Nonlinear System Relaxation Factor Set between zero and
one. Lower values assist convergence of nonlinear problems but re-
sult in more iterations and therefore a longer simulation time to
reach convergence. Higher values mean that the simulation requires
fewer iterations, assuming it still converges. Providing convergence
is achieved, the value of the nonlinear system relaxation factor ulti-
mately has no bearing on the result.
• Nonlinear System Newton After Iteration (or Tolerance) The
Newton solver is faster but less robust than the Picard iterations
that the solver begins with. For all fluid flow simulations the Newton
system was disabled by instructing it to run after a greater number
of iterations than the maximum allowed and by setting the ‘After
Tolerance’ field to zero.
• Linear System Preconditioning Set by replacing ‘n’ in ‘ILUn’
by a number. Higher ‘n’ give more advanced preconditioning and
a greater likelihood of convergence, but exponentially increases the
amount of memory required by the software. Typically n=2 was the
highest available for fluid flow simulations, though up to n=5 was
required and used to solve eigenvalue problems.
• Linear System Preconditioning Recompute Increased to a
value of 15 (from the default of 1) for all simulations due to the
small dimensions used in the simulations.
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• Linear System Convergence Tolerance Decreased to by several
orders of magnitude to around ×10−17 to assist with convergence,
required due to the very small dimensions in the geometries used.
Furthermore the linear and nonlinear maximum iterations may be in-
creased to allow convergence to be reached as most of the above actions
will tend to assist convergence but require more iterations. In the ‘Sim-
ulation’ section of the .sif file the ‘Max Output Level’ may be increased
to 6 or 7 such that during the simulation the solver log prints more in-
formation, which can assist with diagnosis of problems.
A.2.1 Fluid Flow
Simulations relating to both the parallel flow of chapter 4 and perpendic-
ular flow of chapter 5 have been executed. Most of the tricks described
above were required to obtain reliable convergence for realistic fluid flow
speeds. A short section of the microchannel was typically included in the
geometry/mesh as it appeared to assist with convergence. The boundary
condition at the start of the (simulated) channel inlet (at large x in fig-
ureA.1(a)) was subject to a 1-D flow in the x-direction with a Poiseuille
profile given by the following excerpt from a sif file:
Boundary Condition 100
Target Boundaries(1) = 100
Name = "inlet"
Velocity 3 = 0
Velocity 1 = Variable Coordinate 2; Real MATC "2600000000*(tx-
0.00005)*(tx+0.0001)"
Velocity 2 = 0
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End
where +0.00005 and -0.0001 are the y-coordinates of the top and bottom
surfaces of the microchannel in this particular example. The sides of the
simulated geometry, at large and small z in figure A.1(a), are halfway
between the cantilever of interest and where the neighbouring cantilever
would be on a real chip. These surfaces are subject to a no flux boundary
condition: the velocity parallel to the boundary is unrestricted but the
perpendicular velocity is zero. Simulations were conducted to prove the
validity of this boundary condition.
The forces on a desired boundary are calculated and saved by adding
two further solvers to the .sif file:
Solver 2
Exec Solver = After All
Equation = Fluidic Force
Procedure = "FluidicForce" "ForceCompute"
Calculate Viscous Force = True
End
Solver 3
Exec Solver = After All
Procedure = "SaveData" "SaveScalars"
Filename = fluidicforceNWh150_75leveldx8d100v7.dat
Save Variable 1 = FluidForce 1
End
Equation 1
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Name = "Equation 1"
Active Solvers(3) = 1 2 3
End
along with adding a command relating to each boundary upon which the
force should be calculated:
Boundary Condition 6
Target Boundaries(1) = 6
Name = "side wall fluid force"
Velocity 3 = 0
Velocity 1 = 0
Velocity 2 = 0
Calculate Fluidic Force = True
End
The forces are then output for each boundary in a text file, the name of
which is given by the ‘Filename’ field.
One of the weaknesses of Elmer is in the simulation of the transition
to turbulent flow, which was attempted largely unsuccessfully. For ex-
ample OpenFOAM, another open source simulation program, would be
expected to work better in such regimes.
A.2.2 Static Bending
To obtain realistic results when simulating static bending (or other struc-
tural mechanics) the mesh must be built using higher order elements. In
Gmsh the following menus were accessed: Tools → Options → Mesh →
General. The element order was then set at two. Essentially, higher or-
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der elements are elements where there are additional nodes in the middle
of the lines which connect the corners of the mesh tetrahedra.
A nominal force can be specified upon a boundary as a force per unit
area. Forces from perpendicular fluid flow simulations can be transposed
into a text file and are used to apply a force to the bottom boundary of
the cantilever to bend it flexurally using the following commands for the
boundary condition:
Boundary Condition 3
Target Boundaries(1) = 7
Name = "Force on bottom surface"





The file ‘Fv10.txt’ contains 2000 rows and two columns. One column con-
sists of the position along the x-direction of the cantilever, the second the
force per unit area at that x value. The distance between x values should
be less than the distance between nodes of the mesh on the cantilever
surface.
A.2.3 Eigenmodes
As with the bending simulations, higher order elements were used in
the meshes of the cantilever for eigenmode simulations. Note that the
displacements of each of the modes are saved as different timesteps in the
.ep file and the eigenfrequencies (in the form ω2) are printed at the tail of
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the solver log. It is relatively easy to couple a bending simulation with a
calculation of the eigenmodes as the same mesh, that of the structure of
interest, is used for both solvers. Eigenmode analysis was added to static
bending simulations in section 5.5, for example for the calculation of the
data in figure 5.8.
A.2.4 Coupling of Solvers
As mentioned above, different solvers can be coupled satisfactorily in
Elmer if both solvers use the same mesh. However, if one wishes to sim-
ulate a fluid structure interaction problem, where a flow of fluid bends
a structure (e.g. the cantilever) and then responds to the movement,
then the Elmer/Gmsh setup encounters difficulties. The reason is that
both the cantilever and fluid must be meshed separately but their meshes
must match one another at the surface of the cantilever. This is possible,
though problematical, with Gmsh. The stiffness of the cantilever deter-
mines how much it moves, but when it does, Elmer has to move the mesh
of both the fluid and the structure. At this point non-physical results
were observed with uncontrollable displacements and oscillations.
Alternative (commercial) packages such as Comsol Multiphysics should
be able to deal with this sort of coupling in a more satisfactory manner.
A.3 Test Problems of Elmer
Each version of Elmer is tested on a range of around 30 simple utility ex-
amples to ensure agreement with previous versions and other programs.
Furthermore the problem of Stokes flow around a sphere was executed
in 3-D and for a variety of speeds. The forces on the sphere predicted by
Microcantilevers: Calibration of their spring constants
and use as ultrasensitive probes of adsorbed mass
Page 155 of 169
Elmer agreed with those obtained from Stokes law to within ≈5% thus
giving confidence to the simulated fluidic forces applied to the microcan-
tilevers by the flow.
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